0S/Math 361

Announcements

Homework 9: due Friday
Delayed office hours today - 2:307
Volunteer opportunity this afternoon



Twisted Histories




Lcompufafion—ﬂisfory

Definition: GivenaTMM=(Q, 2, T, §, G0, Jaccept, Qrejec’r)
and a string w € 2*, we define the language of

computation histories for M on w as:

Lcompu’raﬁowHisforv(M, W) =
{wow1..Wn | each wi is a configuration for M,
wo is the initial configuration for w,
W is a final/accept configuration, &
each w; yields wi-1 according to § )
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and a string w € 2*, we define the lanquage of
computation histories for M on w as:

LKCompu’ra’rion—Hisfory(M, W) =
{wow*:..wn | each w; is a configuration for M,
wo is the initial configuration for w,
W is a final/accept configuration,
each wi yields wi-1 aceording o §, &
every other wiis reversed }



LKOompufa’rion—Hisfory

Definition: GivenaTMM=(Q, 2, T, §, (0, Jaccept, (lrejec’r)
and a string w € 2*, we define the lanquage of
computation histories for M on w as:

LKCompu’ra’riom—Hisfory(M, W) =
{wow*:..wn | some wi is not a configuration for M,
wo is hot the initial configuration for w,
W is not final/accept configuration, or
some wi does not yields wi-1, but
every other wiis reversed }
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Proof that Allere not R.E.

Assume that AlLcre is recognized by Maw and construet a machine
Miw that behaves as follows:

1. Oninput Mw):
1.1. Construet an encoding (Gumw) for a CFG

for the languaqe LKcompufa’rion—His’rory ( M, w)
1.2.Run Maw on Gimw)) ( and accept if it does ).

2. If the input is not of the form (Mw), accept

This machine would recognize Marm which we have shown
is impossible, so Mau must not exist and Allcre must not be recognizable.



PECIDABLE R.E not R.E. | notco-R.E

Erm X

Erm X

EQcre X

EQere X

EQrm X

EQrm X

AlLcre X

AlLcre X

AllLrm X
- Allm X
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Proof that Erm not K.E.

Assume that Erm is recognized by Mt and construet a machine
Mziw that behaves as follows:

1. Oninput Mw):

1.1. Construct a description, <(M", of a TM M’ that behaves as
follows:

On input w, simulate M on input w and:
i. acceptw' if M accepts w.
ii. otherwise reject w’ or loop.
1.2Run M: on <M’ (and accept if it does ).

2. If the input is not of the form (Mw), accept



Computable Functions

Definition: A function f: 2* — 2" is computable iff there is
a Turing machine M such that on every input w, M halts

with flw) on its tape.




Computable Functions

fl<iMwy ) = <KM>
where M’ runs Monw
and
accepts ifs input w’ only if M aceepts w.



Computable Functions

fl<iMwy ) = <KM>
where M’ runs Monw
and
accepts its input w’ only if M accepts w.




Mapping Reducible

Definition: Language A is many-to-one reducible to language
B if there exists a computable function f: 2* — 2" such that

wehs flw)ecbh

for every w € 2*. We call f a reduction, write A <w B and say
that A is easier than (or just as hard as) B.




Computable Functions

A <w B itf there exists
L Mws ) = <M computable f: 2° — 2°
S fateaE such that
where M runs Monw 2 = fw)cB

and
accepts its input w’ only if M accepts w.




Computable Functions

fl<iMwy ) = <KM>
where M’ runs Monw
and
accepts ifs input w’ only if M aceepts w.

#5las ¢ Arm

f

A < B iff there exists
computable f: 2* — 2”

such that
wehAe ftlw)cB




Computable Functions

flx)=cM">, ifx=<Mw>
f( x ) = <EMPTY>, otherwise
where

LEEMPTY) = ¢

M’ runs M on w and
accepts ifs input w’ only if M accepts w.

A < B iff there exists
computable f: 2* — 2”

such that
wehAe ftlw)cB




Computable Functions
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S fateaE such that
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and
accepts its input w’ only if M accepts w.
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Computable Functions

A <w B itf there exists
L Mws ) = <M computable f: 2° — 2°
S fateaE such that
where M runs Monw 2 = fw)cB

and
accepts its input w’ only if M accepts w.
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Reduetio

* |If by assuming M decides B we can
build M’ that decides A then ...

mif B is decidable, A is decidable

mif A is undecidable, B is undecidable



Reduetio

* |If by assuming M decides B we can
build M’ that decides A then ...

mif B is decidable, A is decidable
mif A is undecidable, B is undecidable

* It A <u B then..
mif B is decidable, A is decidable
mif A is undecidable, B is undecidable



Reduetio

* |f by assuming M recognizes B we can
build M’ that recognizes A then ...

mifBisR.E., AisR.E.
mif Aisnot R.E., BisnotR.E.

* If A <u B then...
mifBisR.E., AisR.E.
mif Aisnot R.E. BisnotR.E.



Mapping Reducible

PISJOINTrm = { (MN) I LIM) N LIN) is empty }
flw)=1777

<~

Erm $wm PISJOINT M



Mapping Reducible

PISJOINTrm = { (MN) I LIM) N LIN) is empty }

flw) =777 it w = <M,
flw) =777 otherwise.

<~

Erm $wm PISJOINT M



Mapping Reducible

PISJOINTrm = { (MN) I LIM) N LIN) is empty }

flw)=<M, EVERY >, if w = <M>
flw ) = ¢ EVERY EVERY>, otherwise

where

EVERY is a TM that accepts all strings
—

Erm $wm PISJOINT M



Mapping Reducible

EQere = { (GH) | G & H are CFGs, L(G) = L(H) )

flw)=127

Allcre $wm EQere



Mapping Reducible

EQere = { (GH) | G & H are CFGs, L(G) = L(H) )

flw) =777 ifw =<6
flw) =777 otherwise

Allcre $wm EQere



Mapping Reducible

EQere = { (GH) | G & H are CFGs, L(G) = L(H) )

f( <G> ) = <G EVERY >, if w = <6,
f(w ) = <¢EVERY NONE> , otherwise
where
EVERY is a CFG that includes all strings
and NONE is a CFG that includes no strings.

Allcre $wm EQere
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Cowmparing Hardness

Erm $m Arm Amv <M Etm



Cowmparing Hardness

Erm $m Arm Amv <M Etm

* Given <M w> generate
<M’> where on input
w’, M’ runs M on w.
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w’, M’ runs M on w.

* Givenw # M wp,
generate <EMPTY>,

where LLEMPTY) = ¢
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<M’ e> where on w’,
M’ dovetails running
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where LLEMPTY) = ¢



Cowmparing Hardness

Erm $m Arm

* Given <M>, generate

<M’ e> where on w’,
M’ dovetails running
M on all w & accepts

w’ if any w € LIM),

* Given w generate
<ALl e>

Amv <M Etm

* Given <M w> generate
<M’> where on input
w’, M’ runs M on w.

* Givenw # M wp,
generate <EMPTY>,

where LLEMPTY) = ¢



Turing Equivalence

Erm $m Arm Arm M Erm

* Given <M>, generate * Given <M w> generate
<M’ e> where on w’, <M’> where on input
M’ dovetails running w’, M’ runs M on w.
M on all w & accepts : .
w’ if any w € LIM), * Givenw = <Mw»,

i generate <EMPTY>,

* Givenw generate where LIEMPTY) = ¢

<ALl e>

Erm =M Arm



Turing Equivalence

Erm $m Arm Arm $m Erm

* Given <M>, generate * Given <M w> generate
<M’ e> where on w’, <M’> where on input
M’ dovetails running w’, M’ runs M on w.
M on all w & accepts : .
w’ if any w € LIM), * Givenw = <Mw»,

i generate <EMPTY>,

* Givenw generate where LIEMPTY) = ¢

<ALl e>

Erm =m Arm
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Rice’s Theorew

Any non-trivial property of a Turing machine’s language is
undecidable.



Trivial Pursuit

* |ISALanguagerm =
{M)IMisaTM and LIM) c2")

* UNRecognizablerm =
{(M)I M isaTM and LIM) is not recognizable }

* LITTLErm =
{MIM=1Q.2,7,8009.9-} isa TM and 1Q] < 99 }



Rice’s Theorew

Any non-trivial property of a Turing machine’s language is
undecidable.



Rice’s Theorew

Suppose that L is a language with
@dclciMlM isavalid Turing machine }

such that
it LIM) = LIN) then M) EL iff (N)EL

then L is undecidable.
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then L and L are undecidable.
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Suppose that L is a language with
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Suppose that L is a language with
@gclc{MlMisavalid Turing machine }

such that
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then L and L are undecidable.

PROOF: Show that Arm $wm L.



Suppose that L is a language with
@gclc{MlMisavalid Turing machine }

such that
if LIM) = LIN) then (M) EL iff (N) EL

and for all (M) € L, LIM) # ¢,
then L and L are undecidable.

PROOF: Show that Arm $wm L.

Find a computable function f ( <M w> ) = <M"> such that

itw e LIM) then<M’> €L
if w & LIM) then<M> €L



Find a computable function f ( <Mw> ) = <M"> such that

it w e LIM) then<M»> €L
if w & LIM) then<M»> €L

Choose any <Min> € L.

Find a computable function f ( <Mw> ) = <M"> such that

it w € LIM) then LIM’) = LiMin)
if w & LIM) then<M’> = ¢



Find a computable function f ( <Mw> ) = <M"> such that

it w e LIM) then<M»> €L
if w & LIM) then<M»> €L

Choose any <Min> € L.
Let f = Oninput <M, w>, construct a TM M’ which:
on input w’, simulates M on w and
if M accepts w, runs Min. onw’
else rejects.



Pecidable Questions?

* REVERSIBLErM = {(M)I w € LIM) iff wX € LIM) }

* REGULARmMm = <Ml LIM) is reqular }

* PISJOINTrm = { (IMN) [ LIM) 1 LIN) is empty }

* PRIMEmm = <Ml w € LIM) = [ w | is prime )

* QUADrM = (KMl M runs < Iwl? steps on all inputs }
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