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Lecture 20
● Lab 6 — Preview

○ Bitwise Operations
○ Gray Code

● Exploring Binary Trees
○ Challenge 1

Trees II
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Lab 6 — Preview
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This lab (right) is a version of the classic Two Towers Problem from the textbook (left).
But the extension is new this semester.
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Each possible solution can be represented as a subset or a binary string or as an integer!
● Integer 121  ⇒ binary string 01111001 ⇒ subset {7, 6, 5, 4, 1}.

https://williams-cs.github.io/cs136-s21-www/labs/two-towers.html
(This link provides some helpful illustrations, but is not the lab handout for this semester. 

https://williams-cs.github.io/cs136-s21-www/labs/two-towers.html
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Bitwise Operations
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How can you test if a particular bit is set to 0 or 1 within 
the binary representation of an integer?
For example, in the integer 121 is the 5th bit 1 or 0?
● An int in Java has 32 bits (4 bytes) and we index 

them as b31…b1b0 or just b7…b1b0 in a byte.
This is also known as isolating the bit.  

121 & (1 << 5) = 121 & 32 = 32 ≠ 0 
so the 5th bit is 1.   

Each bit is worth a power of 2.  More specifically, the ith bit has 
value 2i.  For example, 
121 = 0·27+1·26+1·25+1·24+1·23+0·22+0·21+1·20  

= 26 + 25 + 24 + 23 + 20 
= 64 + 32 + 16 + 8 + 1

In particular, the 5th bit is worth 25 = 32.  In other words, 
3210 = 001000002.  So we isolate it by AND (&) with 32.
To obtain 32 we could use repeated multiplication by 2.  
Or we can use bit-shifting which move bits to the left or right. 
For example, 1 << 5 gives 32 in Java, where 1 is the value 
that is shifted and 5 is the number of positions to shift its bits.

Bitwise Operations: Isolating a Bit

The 5th bit in 121 is 1.
But how can we determine this programmatically?

0 1 1 1 1 0 0 1
AND (&)

0 0 1 0 0 0 0 0
=

0 0 1 0 0 0 0 0

0 1 1 1 1 0 0 1
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Extension
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The extension involves using a Gray code to speed up the exhaustive computation.
We’ll take a 15 minute diversion into Gray codes.  It is posted as 20-gray.pdf and is not testable material.

Class of 94!
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Exploring Binary Trees
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How can we count the number of leaves in a binary tree?
Challenge: Exploring Binary Trees (Part 1)

Hints: 
● Consider a recursive algorithm.
● What are the base cases?

Think about this for 1 minute.
Then discuss it with your neighbor for 2 minutes.

-

- -

- - -

- --

This binary tree has 4 leaves.
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Counting the number of leaves.
Note: We can visualize the return values in the nodes.  
● What order would these values be filled in during the algorithm?

// Count the number of leaves.
numLeaves(node)
  // Base case: the root is null
  if node is null then 
     return 0

  // Base case: the root is a leaf
  if node.left is null and node.right is null then
    return 1

  // Count leaves in the left and right subtrees.
  numLeft  = numLeaves(node.left)
  numRight = numLeaves(node.right)

  // Return the total.
  return numLeft + numRight

// Main method: Run the algorithm from the tree’s root.
answer = numLeaves(root)

-

- -

- - -

- --

4

2 2

2 1 1

1 11
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How can we determine the following values in a binary tree?
● The total number of nodes.
● The height of the tree.
● The smallest level that has a leaf.
● The number of left links that are used.

Challenge: Exploring Binary Trees (Part 2)

What other quantities could we try to count?
●

Think about this for 1 minute.
Then discuss it with your neighbor for 4 minutes.

-

- -

- - -

- --

This binary tree has 8 total nodes.
It has height 3 (counting from 0).
The smallest level of a leaf is 2.

It has 5 left links in total.



Data Structures & Advanced Programming 13Williams College CSCI 136

// TODO
height(root)
  // Base case: 
  if then 
     return 

-

- -

- - -

- --
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How could we print out a nice text representation of a binary tree?
Challenge: Exploring Binary Trees (Part 3)

Questions: 
● What do you interpret nice to mean?
● What values would you want to compute?

Think about this for 1 minute.

-

- -

- - -

- --

This binary tree could be printed out as
o

/ \
o  o
/  /\
o  o o
/\ /  .  
o oo   . 
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