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Abstract

Data partitioning and load balancing are important componerts of parallel compu-
tations. Many di®eren partitioning strategieshave beendewveloped, with great e®ec-
tivenessin parallel applications. But the load-balancing problem is not yet solved
completely; new applications and architectures require new partitioning features.
Existing algorithms must be enhancedto support more complex applications. New
models are neededfor non-square,non-symmetric, and highly connected systems
arising from applications in biology, circuits, and materials simulations. Increased
use of heterogeneousomputing architectures requires partitioners that accourt for

non-uniform computing, network, and memory resources And, for greatestimpact,

thesenew capabilities must be deliveredin toolkits that are robust, easy-to-useand

applicable to a wide range of applications. In this paper, we discussour approaces
to addressingtheseissueswithin the Zoltan Parallel Data Servicestoolkit.
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1 Intro duction

Load balancing| the assignmen of work to processorg s critical in par-
allel simulations. It maximizesapplication performanceby keepingprocessor
idle time and interprocessorcommunication aslow aspossible.In applications
with constarnt workloads, static load balancingcan be usedas a pre-processor
to the computation. Other applications, suc asadaptive nite elemern meth-
ods, have workloadsthat are unpredictableor changeduring the computation;
sud applications require dynamic load balancersthat adjust the decomppsi-
tion asthe computation proceeds Numerousstrategiesfor static and dynamic
load balancing have beendeweloped, including recursiwe bisection (RB) meth-
ods [1{3], space- lling curve (SFC) partitioning [4{8] and graph partitioning
(including spectral [2,9], multilevel [10{12], and di®usive methods [13{15]).

Thesemethods provide e®ectie partitioning for many applications, perhaps
suggestingthat the load-balancing problem is solved. RB and SFC meth-
ods are usedin crash [16], particle [4,16], and adaptive nite elemen sim-
ulations [1,6,17]. Graph partitioning is e®ectie in traditional [11,12],adap-
tive [18,19],and multiphase [20,21] nite elemen simulations, due, in part, to
high-quality serial(Chaco[22], METIS [12],Jostle[23], Party [24], Scotd [25])
and parallel (ParMETIS [26], PJostle [23]) graph partitioners.

But asparallel simulations and environments becomemore sophisticated,par-
titioning algorithms must addressnew issuesand application requiremers.
Software designthat allows algorithms to be comparedand reusedis an im-
portant rst step; carefully designedlibraries that support many applications
bene t application dewelopers while serving as test-beds for algorithmic re-
seart. Existing partitioners need additional functionality to support new
applications. Partitioning models must more accurately represenh a broader
rangeof applications,including thosewith non-symmetric,non-squareand/or
highly-connectedrelationships. And partitioning algorithms needto be sensi-
tive to state-of-the-art, heterogeneousomputer architectures, adjusting work
assignmets relative to processing,memory and commnunication resources.

In this paper, we discussongoing researt within the Zoltan Parallel Data
Servicesproject [27,28],addressingissuesarising from new applications and
architectures. In x2, we discussZoltan's software designand broad application
support. In x3, we presen enhancemets of some\oldie-but-goodie" geomet-
ric algorithms to addressneedsof emergingapplications and, in particular,
crash and particle simulations. x4 includes a hypergraph partitioning model
with greateraccuracyand expressienesghan graph-basednodels.And in x5,
we presern system-sensitie partitioning for heterogeneousomputing archi-
tectures. While not an exhaustive survey, this paper highlights our current
e®ortsand demonstratesthat, indeed, more researt needsto be done.



2 Software

Software designis an important part of dynamic load-balancingreseart. Un-
fortunately, dynamic load balancing often is addedto applications through a
single partitioning algorithm implemerted directly in the application. While
this approadt hasvery low overhead(asthe partitioner worksdirectly with the
application's data structures), it hasa number of disadvantages.Becauseonly
onealgorithm wasimplemerted, the application developer cannotcomparethe
algorithm to other strategiesto evaluate its e®ectienessfor the application.
The resulting implemertation cannot be usedin other applications, as it is
tied too closelyto the original application's data structures. The application
deweloper may not have the expertise or interest to optimize the partition-
ing algorithm. And implemerting the partitioner takestime away from the
deweloper's primary interest| the application.

Software toolkits provide e®ectie solutions to these software engineeringis-

sues[29]. Toolkits are libraries o®eringexpert implemertations of related al-

gorithms, allowing straightforward comparisonsof methods within an appli-

cation. To further assistapplications, they often include other commonlyused
servicesrelated to their main purpose.By design,toolkits can be usedwith a

variety of applications and data structures;through their wider use,they ben-

e t from more thorough testing. Of course,applications incur someoverhead
in using the toolkits, but with careful design,the overheadcan be kept small.

And while application developersmust trust the toolkit designersppen-source
releaseof toolkit software allows careful inspection the implemertations.

The Zoltan Parallel Data ServicesToolkit [27,28]is an example of such a
toolkit. Zoltan is uniquein providing dynamicload balancingand related capa-
bilities to a wide rangeof dynamic, unstructured and/or adaptive applications.
Zoltan deliversthis support in seweral ways. First, by including a suite of par-
titioning algorithms, Zoltan addresseshe load-balancingneedsof many di®er-
en typesof applications. Geometric algorithms like recursive bisection [1{3]
and space- lling curve partitioning [4,5] provide high-speed, medium-quality
decommsitionsthat depend only on geometricinformation and are implicitly

incremertal. Thesealgorithms are highly e®ectie in crash simulations, par-
ticle methods, and adaptive nite elemer methods. Graph-basedalgorithms,
provided through interfacesto the graph partitioning libraries ParMETIS [26]
and PJostle [23], provide higher quality decompsitions basedon connectivity
between application data, but at a higher computational price. Graph algo-
rithms can also be e®ectie in adaptive nite elemen methods, as well as
multiphase simulations and linear algebra solvers. Using Zoltan, application
dewelopers can switch partitioners simply by changing a Zoltan run-time pa-
rameter, allowing comparisonsof the partitioners' e®ecton the applications.



Second Zoltan supports many applicationsthrough its data-structure neutral
design.While similar toolkits focuson speci ¢ applications (e.g.,the DRAMA

toolkit [30] supports only mesh-basedapplications), Zoltan does not require
applications to have speci ¢ data structures. Instead, data to be partitioned

are consideredio be generic\ob jects” with weights represeting their compu-
tational cost. Zoltan also doesnot require applications to build speci ¢ data
structures (e.g., graphs) for Zoltan. Instead, applications provide only simple
functions to answer queriesfrom Zoltan. These functions return the object
weights, object coordinates, and relationships between objects. Zoltan then
calls thesefunctions to build data structures neededfor partitioning. While
someoverheadis incurred through thesecallbads, the costis small compared
to the actual partitioning time. More importantly, developmern time is saved
asapplication deweloperswrite only simple functions instead of building (and
debugging)complicateddistributed data structures for partitioning.

Third, Zoltan providesadditional functionality commonlyusedby applications
usingdynamic load balancing.For example,Zoltan's data migration tools per-
form all communication to move data from old decompsitions to new ones;
application dewelopers provide only callbad functions to padk data into and
unpadk data from communication bu®ers(In this respect, application-speci ¢
toolkits like DRAMA [30] can provide greater migration capabilities, as they
have knowledge of application data structures.) Distributed data directories
basedon the rendezwus algorithm of Pinar and Hendrickson [31] exciently
locate o®-pracessorata after repartitioning. An unstructured comnunication
padkage can be usedfor performing commnunication within complex patterns
of processorsand transferring data betweenmultiple decompsitionsin mul-
tiphase simulations. While thesetools operate well together, separation be-
tweentools allows application dewelopersto useonly the tools they want; for
example,they can use Zoltan to compute decompsitions but perform data
migration themselhes, or they can build Zoltan distributed data directories
that are completely independen of load balancing.

Zoltan's designis e®ectie for both applications and researd. It allows both
existing and new applications to easily use Zoltan. New algorithms can be
addedto the toolkit easily and comparedto existing algorithms in real ap-
plications using Zoltan. In this way, Zoltan seres as our researt test-bed
for new dewelopmen, including enhancemets to algorithms, incorporation of
new models, and support for state-of-the-art architectures.

3 Geometric Partitioning

Parallel crashand particle simulations are two application areasdriving par-
titioning researt. While graph partitioning has been extremely e®ectie for
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Fig. 1. Cutting planes(left) and assaiated cut tree (right) for recursive bisection.
Dots are objects to be balanced;cuts are showvn with coloredlines and tree nodes.

traditional nite elemen methods (so much sothat many application dewel-
opers erroneouslyuse the terms \graph partitioning” and \load balancing"
interchangeably),geometricproximity of objectsis moreimportant than their
graph connectivity in these applications. In crash simulations, for example,
excient parallel detection of cortact surfacescan be achieved when physically
closesurfacesare grouped within processord16]. While graph-baseddecom-
positions have beenusedin contact detection, they require construction of a
geometric map for contact seart [32]. Computing a parallel decompsition
with respect to geometriccoordinatesis a more natural and straightforward
approad. Similarly, greatestexciency for particle methods is achieved when
subdomains cortain particles that are physically closeto ead other [4,16].
Indeed, particle methods do not have a natural graph connectivity, making
graph partitioning dixcult or impossibleto apply. Moreover, frequert changes
in proximity dueto geometrydeformation or particle movemern requirerepar-
titioning strategiesthat are faster and more dynamic than graph partitioners.

Geometric partitioning is an old, conceptually simple, but often overlooked
techniquefor quickly and inexpensiwely generatingdecompositions. Usingonly
the geometriccoordinates of objects, thesemethods assignregionsof spaceto
processorsothat the weight of objectsin ead regionis equal.Zoltan includes
geometricpartitioners basedon recursive bisection and space- Iling curves.

Recursiwe bisection (RB) [1{3] computesa cutting plane that divides a phys-
ical regioninto two subregions,ead with half of the simulation's work (see
Figure 1). This cutting procedureis appliedrecursively to ead subregionuntil

the number of subregionsequalsthe number of partitions desired.(The num-
ber of partitions neednot be a power of two; adjusting the work perceriage
on ead sideof a cut allows any number of partitions.) Zoltan includesRecur-
sive Coordinate Bisection (RCB) [1], which usescutting planesorthogonalto
coordinate axes,and Recursiw Inertial Bisection (RIB) [2,3], which computes
cuts orthogonal to principal inertial axesof the geometry

A space- lling curve (SFC) maps n-dimensionalspaceto one dimension[33].
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Fig. 2. SFC partitioning (left) and box-assignmen seart procedure (right). Dots

(objects) are orderedalong the red SFC. Partitions are indicated by color. The black
box speci ed for box-assignmen intersectsthe blue and white partitions.

In SFC partitioning, an object's coordinatesare corvertedto a SFC key repre-
serting the object's position alonga SFC through the physicaldomain. Sorting
the keysgivesa linear ordering of the objects (seeFigure 2). This orderingis
cut into appropriately weighted piecesthat are assignedo processorsZoltan
method HSFC (Hilbert SFC) replacesthe sort with adaptive binning [28].
Basedupon their keys,objects are assignedo bins ass@iated with partitions.
Bin sizesare adjusted adaptively to obtain suzcient granularity for balancing.

Geometricmethods sharemany disadvantagesand advantages.They are e®ec-
tive when only geometriclocality is important and/or natural graph connec-
tivit y is not available. Becausethey do not explicitly cortrol communication,

geometricpartitioners caninduce higher communication coststhan graph par-

titioners for someapplications. Howeer, becauseof their simplicity, they gen-
erally run faster and are easierto implemert than graph partitioners. RCB

and SFC partitioning are alsoimplicitly incremenal; that is, small changesin

workloadstend to produceonly small changesin the decompsition, resulting

in little data movemen betweenthe old and new decompsitions. This prop-

erty is crucial in dynamic load balancing sincethe cost of moving application

data is often high. Given the e®ectienessof geometricmethods for someap-

plications, we presen two enhancemets that increaseapplicability of these
algorithms: assignmen for cortact detection and multicriteria partitioning.

Assignmen t for Contact Detection: In crashsimulations, cortact detec-
tion consistsof nding all meshpoints that intersect a given set of surfaces.
Parallel cortact detection is often donein two steps[16]: 1) assignead sur-
faceto the partitions whosesubdomainsintersectthe surface,and 2) within

ead partition, nd the points intersecting surfacesassignedin step 1. The
key kernelsof step 1 are identifying which partitions’ subdomainsintersecta
given point or region. We de ne thesekernels as point-assignment and box-
assignment respectively. Given a point in space, point-assignment returns



the partition owning the region of spacecortaining the point. Given an axis-
aligned region of space(de ned by a 2D or 3D box), box-assignmentreturns
a list of partitions whoseassignedregionsoverlap the speci ed box; this box
can be, say, a bounding box around a cortact surface.

Point- and box-assignmeh are implemerted easily for RB methods [16]. The
cutting planesusedto generatea RB decompsition are stored as a binary
tree, as shown in Figure 1. The root represems the plane dividing the ini-
tial geometryinto two subregions;children represemn planescutting ead of
the subregions.Each leaf represems the partition to which a subregionis as-
signed. This tree describesthe erntire decomposition, yet is small enoughto
be stored on ead processor,allowing point-assignmen and box-assignmenh
to be performedin serial.

Using the cut tree, RB point-assignmenm determineson which side of the root
cut the given point lies, and proceedsto the child subregioncorntaining the
point. Comparisonscortinue down the tree until a leaf is readed; the leaf's
partition is returned. For k partitions, RB point-assignmem requiresO(log k)
operations. Similarly, in RB box-assignment cornersof the box are compared
to the root cut. If any corneris lessthan the cut, the left child is visited; if any
corneris greaterthan the cut, the right child is visited. Partitions assaiated
with all leavesreaded during the recursionare returned. RB box-assignmen
requiresO(log k) operationsin typical usage,and O(k) operationsin the worst
case(where every partition intersectsthe box).

In Zoltan's HSFC partitioning, point-assignmetn is also easily implemerted.
The k j 1 cuts dividing the SFC into k partitions descrike the ertire decom-
position and can be stored on ead processor.The SFC key for the given point
is computed. A binary seart for this key in the array of cuts returns the par-
tition owning the spaceassaiated with key. Like RB point-assignmen, SFC
point-assignmen requiresO(log k) operations.

Box-assignmety howewer, is dixcult in SFC partitioning. Examination of the
SFC cuts does not provide a description of the physical spaceassignedto
ead partition. Each ertrance point of the SFC into the box must be found.
Traversingthe SFC is expensive and, unlessdoneat extremely high resolution,
could miss somepatrtitions that lie within the box.

We have deweloped an excient box-assignmeh algorithm for SFC decomp-
sitions. Our implemertation is strongly in°uenced by accessof SFC-indexed
databasedn which high-dimensionalSFCs are usedto order databaseobjects.
The box-assignmeh problem is similar to the databaseproblem of nding all
data objects inside a speci ed box or all objects\near" a speci ed object in a
database.Moore [34] deweloped software for seweral query methods (including
variations of box-assignmet) and fast corversion betweenHilbert SFC keys



and spatial coordinates; his work was basedon earlier work by Butz [35] and
Thomas [36]. Lawder [37,38] presents a Hilbert-like SFC and practical con-
versionsand spatial queriesfor high-dimensionaldatabaseaccesswhile his
algorithms would work for a true Hilbert SFC, he createda Hilbert-like curve
with more compact state tables necessaryfor high-dimensionaldatabases.

Our HSFC box-assignmen algorithm calls a seart routine, Next Query, that
returns one intersecting partition per call. Starting with SFC key zero as
input, Next Query returns the rst partition m, 0 - m < k, along the SFC
that intersectsthe box. Then, starting at the SFC cut between partitions m
and m+ 1, Next Query returns the next intersectingpartition ¢, m+1 - g< k.
The seart endswhenno more partitions intersectthe box. Thus, Next Query
is calledp+ 1 times, wherep is the number of partitions intersectingthe box.
An exampleis shown in Figure 2.

Next Query recursiwely dividesthe spatial domaininto octants and visits them
in the order that the SFC enters them. The SFC value passedio Next Query
represeis the lowest SFC key assignedo the rst partition m to ched for in-
tersection. Next. Query nds the lowest numberedoctant intersectingthe box
whoseSFC key is not lessthan the input value. For eat octant, it createsa
partial SFC key by appending bits represeting the octant's position to bits
from higher octree levels; this partial key represeis the subtreerooted at the
current octant. If the partial key is lessthan the input key, the subtreeeither
is not in the box or is owned by partitions 0 to mj 1; no further seard of
the subtreeis needed.Also, if the octant's extert (computed from the partial
key) doesnot intersectthe box, the seart cortinuesto the next octant in the
SFC. If, howewer, the extert intersectsthe box, the octant becomeshe new
spatial domain, the octant is re ned, and the seard is applied recursiwely to
the octant's children until the required SFC key resolution is readed. (Occa-
sionally, a partial key doesnot provide enoughresolutionto rule out a subtree,
even though the subtreedoesnot meetthe seard criteria; in this case,stored
badtracking information allows excient restart.) The nal computed SFC
key is then the smallestnot-previously-found SFC key intersectingthe box. A
binary seart of the SFC cuts producesthe partition in which the computed
key lies. HSFC box-assignmen requiresO(plogk) operations.

To convert SFC keysto coordinatesezciently, Next Query usestwo transition
tables [39]. These tables represenh the SFC as an octree without explicitly
constructing the octree. Given an octant and its orientation in the SFC (i.e.,
re°ection and rotation of the Hilbert \U" curve), the data table returns bits
indicating the x, y, and z positionsof the octant within the orientation. These
bits are concatenatedthrough all levelsof the octree and corverted to °oating
point coordinates.Given an octant and its orientation, the state table returns
the orientation of the SFC for the octant's children. Inversetables convert
coordinates to SFC keys. This corversion can be thought of as numbering



octants in the order that the SFC erters them, selectingthe octant containing
the spatial point, and appendingthe octant's number to the key.

Example 1 Wetestedour HSFC box-assignmenhalgorithm ona 1.04million-

elemen mesh of a chemical reactor. We generatedan initial decompsition

(96 partitions on a 16-pracessorCompag/DEC Alpha cluster at Sandia) us-
ing RCB or HSFC. We then perturbed the mesh coordinates (as in con-
tact/deformation problems) and repartitioned using the same method. For

eat method, we did 10,000box-assignmets on ead processor.The box size
wasthe averageelemer size,a typical sizein contact detection. Box locations
werechosenrandomly. In Table 1, we show the maximum (over all processors)
time and number of intersectingpartitions for 10,000box-assignmets. Due to

the lessregular shape of HSFC subdomains, more intersecting partitions were
found by HSFC box-assignmeh The work neededfor local cortact seart

(step 2 above) is proportional to the number of intersecting partitions; how-

ewer, the di®erenceseenhere do not raise concern.HSFC partitioning took

lesstime than RCB partitioning, while HSFC box-assignmeh took moretime

than RCB box-assignmeh Sincebox-assignmen is typically donethousands
of times per decompsition, the relative bene ts of RCB and HSFC depend on

the particular application and problem. Howeer, for applications preferring

HSFC decompmsitions, availability of HSFC box-assignmenh is a bene t. 2

Table 1
Results comparing RCB and HSFC box-assignmen for Example 1.

Partitioner # of Intersecting Parts Partitioning | Time for 10,000
for 10,000box-assignmens Time box-assignmens
RCB 10,931 0.71secs 0.027 secs
HSFC 10,983 0.59secs 0.176secs
Multicriteria ~ Geometric Partitioning: Crash simulations are \m ulti-

phase" applications consisting of two separatephases.computation of forces
and cortact detection. Often, separatedecompsitionsare usedfor ead phase;
data is commnunicatedfrom onedecompsition to the other betweenphaseq16].
Obtaining a single decomposition that is good with respect to both phases
would remove the needfor communication betweenphasesEad object would

have multiple loads, correspnding to its workload in ead phase.The chal-

lengewould be computing a singledecomposition that is balancedwith respect

to all loads. Sud a multicriteria partitioner could be usedin other situations

aswell, sud asbalancingboth computational work and memory usage.

Karypis et al. [21,32,40]have consideredmulticriteria graph partitioning and
its usein crash simulations. Howewer, since geometric partitioners are often
preferred, we aim to enable geometric algorithms to balance multiple loads.
Good solutionsto the multicriteria partitioning problem may not exist for all
problemswith geometricmethods;the bestwe canhope for are heuristicsthat



work well on many problems.We are not aware of previouse®ortsin this area.

Most geometricpartitioners reducethe partitioning problemto a one-dimen-
sional problem. RCB, for example,bisectsthe geometryperpendicularto only
one coordinate axis at a time; the correspnding coordinate of the objects
de nes a linear order. Thus, ewven if the original partitioning problem has
objects in multidimensional space (typically R3), we restrict our attention
to the one-dimensionalpartitioning problem. This problem is also known as
chains-on-tains, and has beenwell studied for the single-loadcase[41{43].

Traditional optimization problemsare written in the standard form: minimize
f (x) subject to someconstrains. Hence,handling multiple constrairts is easy
but handling multiple objectivesis much harderasit doesnot t into this form.
Multicriteria load balancing can be formulated as either a multiconstraint
or multiob jective problem. Often, the balance of eat load is considereda
constraint and hasto satisfy a certain tolerance. Such a formulation ts the
standard form, where, in this case,there is no objective, only constrains.
Unfortunately, there is no guarartee that a solution existsto this problem. In
practice, we want a\b estpossible"decomposition, evenif the desiredbalance
criteria cannot be satis ed. Thus, an alternative is to make the constrains
objectives;that is, we want to achieve asgood balanceaspossiblewith respect
to all loads. Multiob jective optimization is a very hard problem, because,n
general,the objectivescon®ict and there is no unique \optimal solution."”

In dynamic load balancing, speed is often more important than quality of

the solution. The unicriterion (standard) RCB algorithm is fast becausesat

bisectingcut canbe computedvery quickly. Computing the cutsis fast because
it requiressolving only a unimodal optimization problem. We want the same
speedto apply in the multicriteria case.Thus, we can remove many methods

from consideration becausewe cannot a®ordto solve a global optimization

problem, not evenin onedimension.

We considermathematical models of the multicriteria bisection problem. Al-
though the partitioning problem allows for k partitions, we will focuson the
bisection problem, i.e., k = 2. The solution for generalk can be obtained
by recursiwely bisecting the resulting partitions. Given a set of n points, let
ai; ay;...;ay be the correspnding loads (\geighs). Igformally, our objective
isto nd anindexs,1- s- n,sudhthat ; (& Y% s @.Whenead g is
scalar,this problemis easyto solve. One can simply minimize the larger sum:
X X
msin max( a&; &):

i-s i>s

In the multicriteria case,howewer, ead a; is a vector and the problem is not
well-de ned. In general, no index s adiieves approximate equality in every

10



dimension.Applying the weighed sum method to the formula above yields
s T X _X .
minw’ max( a; a);
I-'S 1>S
wherethe maximum of two vectorsis de ned elemert-wise and w is a costvec-
tor, possiblyall ones,that conbinesmultiple objectivesinto a singleobjective.
This formulation is reasonablefor load balancing: assumingcomponert j of
a; represets the work assaiated with object i and phasej, we minimize the
total time over all phases,where one phasecannot start beforethe previous
one has nished. Unfortunately, it is hard to solwe; becausethe function is
non-corvex, global optimization is required. Instead, we proposea heuristic:

_ X X
minmax(g(  a&);9(  &));
- S 1>S
where g is a monotonically non-decreasingfunction in eac componert of
the input vectgr. Motivated by the global criterion method, we suggestusing
either g(x) = xjp with p= 1 or p= 2, or g(x) = kxk for somenorm. This
formulation hasonecrucial computational advantage:the objective function is
unimodal with respectto s. In other words, starting with s = 1 and increasing
s, the objective decreasesyntil at somepoint the objective starts increasing.
That point de nesthe optimal bisectionvalue s. Note that the objective may
be locally °at (constart), sothere is not always a unique minimizer.

While we did not explicitly scalethe weights in our description above, scaling
is important sinceour approad implicitly comparesvaluescorresmpnding to
di®eren weight dimensions.We implemerted two typesof scaling:no scaling
or imbalance-tolerancescaling.No scalingis usefulwhenthe magnitude of the
weights re°ects the importance of the load types.But in general,the natural
scaling is to make all weight dimensionsequally important. To accour for
user-speci ed imbalancetolerances(i.e., amourt of load imbalanceallowed for
eah weight dimension), we scalethe weights sud that the load types with
the largestimbalancetolerancehave the smallestsum, and vice versa.

Example 2 We presertt resultsusinga 4000-elemenmeshof a chemicalreac-
tor with two weights per elemen (d = 2). For ead elemen, the rst weight is
one;the secondcorrespndsto the number of its faceshaving no faceneighbors
(i.e., on the external surface). This weighting sdhemeis realistic for cortact
problems. Tests were run on a Compaqg/DEC Alpha cluster at Sandia. We
divided this meshinto k = 9 partitions using our multicriteria RCB code and
comparedagainst ParMETIS. Results are shavn in Table 2. BALAN CE([i]
is the maximum processoroad for weight i divided by the averageprocessor

ticriteria RCB algorithms using di®erem norms. The balancesare not quite

asgood asParMETIS, which was expectedsincethe RCB cuts are restricted
to orthogonal planes.Still, the multicriteria RCB algorithm producesreason-

11



able load balancefor this problemin lesstime than ParMETIS and provides
a viable alternative for applications lacking graph connectivity. For compari-
son, we include the results for RCB with d = 1; i.e., only the rst weigh is
used.The edgecuts are the number of graph edgesthat are cut by partition
boundaries,appraximating communication volumein parallel applications. 2

Table 2
Results comparing multicriteria  RCB and multicriteria ParMETIS for Example 2.
RCB RCB RCB RCB ParMETIS
k=29 d=1| d=2 d=2 d=2 d=2
norm=1 | norm=2 | norm=max
BALANCE[O] | 1.00 1.13 1.13 1.12 1.01
BALANCE[1] 1.11 1.11 1.16 1.01
Edge Cuts 1576 1502 1500 1468 1516
Time 0.10 0.11 0.12 0.11 0.25

While further experimenrtation is needed,initial results are promising. A nat-
ural questionis how much better one cando by choosingan arbitrary cutting
planeat every step.(RCB is restricted to cutting alongcoordinate axes.)There
is an interesting theoretical result, known asthe Ham Sandwid Theorem[44],
which implies that a set of points in R", eat with an n-dimensionalbinary
weight vector, canbe cut by a (nj 1)-dimensionalhyperplanesud that the
vector sumin the two half-spacesli®ersby at mostonein eat vector compo-
nert. A linear time algorithm existsfor n = 2, and someez+cient algorithms
exist for other low dimensions[45].

4 Hyp ergraph Mo dels

New simulation areassud aselectrical systems,computational biology, linear
programming and nanotedinology shaw the limitations of currernt partition-
ing technologies.Critical di®erencebetweentheseareasand more traditional
mesh-basedPDE simulations include high connectivity, heterogeneiy in topol-
ogy, and matricesthat are rectangular or non-symmetric. The non-zerostruc-
ture of the matrix in Table4, takenfrom a density functional theory simulation
of polymer self-assernly [46], is represemativ e of thesenew applications; one
can easily seethe vastly di®eren structure of this matrix comparedto a tra-
ditional nite elemen matrix (Table 3). More robust partitioning models are
neededfor excient parallelization of theseapplications.

Graph models are often consideredthe most e®ectiv models for mesh-based
PDE simulations. In graph models, graph vertices represen the data to be
partitioned (e.g., elemens, matrix rows). Edgesrepresen relationships be-
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Fig. 3. Example of communication metrics in graph (left) and hypergraph parti-
tioning (right). Edgesare shown in blue; the partition boundary is showvn in red.

tweenvertices(e.g., sharedfaces,o®-diagonalmatrix ertries), The number of
edges\cut” by a subdomain boundary (i.e., connecting verticesin di®eren
partitions) appraximates the volume of commnunication neededduring com-
putation (e.g., °ux calculations, matrix-vector multiplication). Vertices and
edgescan be weighted to re°ect assaiated computation and communication
costs, respectively. The goal of graph partitioning, then, is to assignequal
total vertex weight to partitions while minimizing the weight of cut edges.

It is important to note that the edge-cutmetric is only an approximation of
communication volume. For example,in Figure 3 (left), a grid is divided into
two partitions (separatedby ared line). Grid point A hasfour graph edgesas-
scciated with it; ead edge(shown in blue) connectsA with a neighboring grid
point. Two of the edgesare cut by the partition boundary; howewer, the actual
communication volume assaiated with sendingA to the neighboring proces-
sor is only one grid point. Nonethelesscourtless examplesdemonstratethe
succes®f graph partitioning in sparseiterativ e solvers and mesh-based®DE
applications; the appraximation is often good enoughfor theseapplications.

Another limitation of the graph model is the type of systemsit can repre-
sernt [47]. Becauseedgesin the graph model are non-directional, they imply
symmetry in all relationships,making them appropriate only for problemsrep-
reserted by square,symmetric matrices. Non-symmetric systemsA must be
represeted by a symmetrizedmodel A + AT, adding new edgesto the graph
and further skewingthe communication metric. While a directed graph model
could be adopted, it would not improve the commnunication metric's accuracy

Likewise,graph models can not represen rectangular matrices, suc asthose
arising in linear programming. Kolda and Hendrickson [48] proposeusing bi-
partite graphs. For an m £ n matrix A, verticesm;;i = 1;:::;m represemn

and n; exist for non-zeromatrix ertries a; . But asin other graph models, the
number of cut edgesonly approximates commnunication volume.

Hypergraph models [49] addressmany of the drawbadks of graph models. As
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in graph models, hypergraphverticesrepresen the work of a simulation. How-
ewver, hypergraph edges(hyperedges)are setsof two or more related vertices.
The number of hyperedgecuts is an exact represemation of communication
volume, not merely an approximation [49]. In the examplein Figure 3 (right),
asinglehyperedgeshown in blue) including vertex A andits neighborsis asso-
ciated with A; this singlecut hyperedgeaccuratelyre®ectsthe communication
volume asseiated with A.

Catalyurek and Aykanat [49] alsodescrike the greaterexpressienesof hyper-
graph models over graph models. Hypergraph models do not imply symme-
try in relationships, allowing both non-symmetric and rectangular matrices
to be represeted. For example, the rows of a rectangular matrix could be
represerted by the vertices of a hypergraph. Each matrix column would be
represerted by a hyperedgeconnectingall non-zerorows in the column.

Hypergraphpartitioning's e®ectienesshasbeendemonstratedin many areas,
including VLSI layout [50],sparsematrix decompsitions[49,51],and database
storageand data mining [52,53].Serial hypergraph partitioners are available
(e.g., hAMETIS [54], PaToH [49,55],Mondriaan [51]), but for large-scaleand
dynamic applications, parallel hypergraph partitioners are needed.

As a precursorto parallel hypergraph partitioning, we have developed a serial
hypergraphpartitioner in Zoltan. Like other hypergraphpartitioners [49,54,55],
our hypergraphpartitioner usesmulti-lev el strategiesdewveloped for graph par-
titioners [10{12]. In the multi-level algorithm, we coarsena hypergraph into
successigly smaller hypergraphs.We partition the smallest hypergraph and
project the coarsedecompsition badk to the larger hypergraphs,using local
optimization to reducehyperedgecuts while maintaining balanceat ead level.

The coarseningphaseusesreduction methods that are basedon graph match-
ing algorithms adapted to hypergraphs.Eadc type of reduction method |

matching, pading, and grouping | selectsa set of vertices and combines
them into a single,\larger" vertex. In matching, a pair of connectedvertices
is replacedwith an equivalert vertex; the new vertex's weight, connectivity,
and assaiated hyperedgeweights represen the original pair of verticesrea-
sonably Padking methods replaceall vertices connectedby a hyperedgewith
an equivalert vertex. Grouping methods replaceall ungrouped vertices con-
nected by a single hyperedgewith an equivalert vertex. Optimal matching,
padking and grouping algorithms are typically very time consuming;they ei-
ther are NP-completeor have run-times that are O(nP) wherep is large. Thus,
we implemerted se\eral fast appraximation algorithms for thesetasks [56].

The coarsesthypergraphis then partitioned. If the coarsesthypergraphhask

or fewer vertices (wherek is the number of requestedpartitions), eat vertex
is trivially assignedto a partition. Otherwise, a greedy partitioning method
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establisheghe coarse-gpergraph decomposition.

Finally, the coarsepartition is projected onto the successigly ner hyper-

graphs. A coarsevertex's partition assignmen is given to all ne vertices
that were reducedinto the coarsevertex. At ead projection, a variation of

the Fiduccia-Mattheyes [57] optimizer reducesthe weight of cut hyperedges
while maintaining load balance.The local optimizer generatestwo partitions

(k = 2). For k > 2, the hypergraph partitioner is applied recursiely.

Example 3 To demonstratethe e®ectivenessof hypergraph partitioning, we
applied both graph and hypergraph partitioners to matrices and compared
the comnunication volume required for matrix-vector multiplication using
the resulting decompositions. For both methods, eat row i of the matrix
A was represeted by node n;. For hypergraph methods, eat column | was
represeted by a hyperedgeh; with h; = fn; : a; 6 Og. For graph methods,
edgee; connectingnodesn; and n; existedfor ead non-zeroa; or g;; in the
matrix A; that is, the graph represeted the symmetrizedmatrix A + AT.

The rst matrix is from a standard hexahedral nite elemen simulation; it is
symmetric and very sparse.This type of matrix is represeted well by graphs.
As a result, hypergraph partitioning has only a small advantage over graph
partitioning for this type of matrix [49].For a v e-partition decompsition, hy-

pergraph partitioning reducedtotal comnunication volume 2-22% compared
to graph partitioning. Detailed resultsare in Table 3; the \b est" and \w orst"

Zoltan hypergraph methods correspnd to di®erer reduction strategies.

Greater bene t from hypergraph partitioning is seenusing a matrix from a
polymer self-asserly simulation in the density-functional theory (DFT) code
Tramonto [46]. The matrix has 46,176rows with 3,690,048non-zerosin an
intricate sparsily pattern arising from the wide stencil usedin Tramonto. For
an eight-partition decomposition, hypergraph partitioning reducedtotal com-
munication volume 37-56%relative to graph partitioning. Hypergraph parti-
tioning also reducedthe number of neighboring partitions. Detailed results
are in Table 4. Becauseour methods are not yet optimized, we do not report
partitioning times; howewer, Catalyurek and Aykanat showv that hypergraph
partitioning takesup to 2.5times as much time as graph partitioning [49]. 2

These experimerts and others [49] shav the promise of hypergraph parti-
tioning for emergingapplications. To be e®ectie for dynamic load balancing,
however, parallel hypergraphpartitioners are needed Also, to keepdata move-
mert costslow, incremerial hypergraph algorithms are needed;extension of
di®usive graph algorithms [13] to hypergraphsis a logical approad, but is
complicated by the hyperedgeslarger cardinality.
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Table 3

Comparisonof graph and hypergraph partitioning for HexFEM matrix (Example 3).

HexFEM Matrix:
2 Hexahedral 3D
structured-mesh

“nite elemert method.

2 32,768rows

2 830,584non-zeros

2 Five partitions

Partitioning Imbalance | # of Neighbor | Communication | Reduction
Method (Max / Partitions per | Volume over all | of Total
Avg Work) | Partition Partitions Communication
Volume

Max | Avg Max | Total

Graph method | 1.03 4 3.6 1659 | 6790

(METIS

PartKW ay)

Best Zoltan 1.013 4 3.6 1164 | 5270 22%

hypergraph

method (RRM)

Worst Zoltan 1.019 4 2.8 2209 | 6644 2%

hypergraph

method (RHP)

Table 4

Comparisonof graph and hypergraph partitioning for PolyDFT matrix (Example 3).

PolyDFT matrix

2 Polymer self-asserbly

simulation

2 Density functional

theory code
2 46,176rows

2 3,690,048non-zeros
2 Eight partitions

Partitioning Imbalance | # of Neighbor | Communication | Reduction
Method (Max / Partitions per | Volume over all | of Total
Avg Work) | Partition Partitions Communication
Volume

Max | Avg Max | Total

Graph method | 1.03 7 6 7382 | 44,994

(METIS

PartkW ay)

Best Zoltan 1.018 5 4 3493 | 19,427 56%

hypergraph

method (MX G)

Worst Zoltan 1.03 6 5.25 5193 | 28,067 37%

hypergraph

method (GRP)
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5 Resource-Aw are Load Balancing

Load-balancingreseart is driven not only by emergingapplications, but also
by emergingparallel architectures. Thesenew architectures spanmany scales.
Clusters have becomeviable alternativesto tightly coupled parallel comput-
ers for small-scalesystems.They are cost-e®ectie ervironmerts for running
computationally intensive distributed applications. An attractiv e feature of
clustersis the ability to increasetheir computational power by adding nodes.
Sud expansionscan result in heterogeneousrvironmerts, as newly added
nodes often have superior capabilities. On the medium scale, many super-
computers (e.g., ASCI Q, Earth Simulator) are constructed as networks of
shared-memorymultipro cessorSMPs) with complexand non-homogeneous
interconnectiontopologies.And on the largestscale,grid technologieshave en-
abled computation on widely distributed systems,conbining geographically
distributed clustersand supercomputersinto a single computational resource.
Thesegrids introduce extreme computational and network heterogeneyy.

To distribute data from any application e®ectiely on sud systems,partition-
ers must be resouce-awae; that is, they must accourt for heterogeneiy in
the execution ervironmert. Resource-ware balancing requires gathering in-
formation about the computing ervironmert (e.g., computing, network and
memory availability), and determining how to use the information for load
balancing (e.g., by adjusting partition sizesand/or selectingappropriate par-
titioning algorithms). A number of projects attempt to addresstheseissues.
Terescoet al. [58] use a directed-graphmodel to represen hierarchical envi-
ronmerts; their work is a precursorof the work descriked here. Minyard and
Kallinderis [59] monitor process\w ait times" to assignelemen weights that
are usedin octree partitioning. Walshav and Cross[60] couple a multilevel
graph algorithm with a model of a heterogeneougsomnunication network to
minimize a communication costfunction. Sinhaand Parashar[61] usethe Net-
work Weather Service(NWS) [62] to gather information about the state and
capabilities of available resourcesthey computethe load capacity of ead node
as a weighted sum of processing,memory, and commnunications capabilities.

We are deweloping a model for resource-avare load balancing called DRUM
(Dynamic ResourceUtilization Model) [63]. DRUM provides applications ag-
gregatedinformation about the computation and comnunication capabilities
of an executionenvironment. DRUM can be viewed asan abstract object that
1) encapsulateshe details of hardware resources capabilities and intercon-
nection topology, 2) provides a facility for dynamic, modular, and minimally
intrusive monitoring of an executionervironmert, and 3) distills this informa-
tion to a scalar\p ower" value, readily usableby any load-balancingalgorithm
as the percertage of overall application load to be assignedto a partition.
DRUM has been designedto work with Zoltan, but may also be usedas a
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separatelibrary.

DRUM represens the underlying interconnection network topology of hier-
archical systems(e.g., clusters of clusters, or clusters of multipro cessors)as
a tree. The root of the tree represets the total execution environmert. Its
children are high-lewvel divisions of networks connectedto form the total ex-
ecution environment. Sub-ervironments are recursiwely divided, accordingto
the network hierarchy, with the tree leavesbeingindividual computation nodes
(i.e., single processorgSP) or SMPs). Computation nodes have data repre-
sening their relative computing and commnunication power. Non-leaf network
nodes represeting routers or switches, have an aggregatepower calculated
as a function of the powers of their children and the network characteristics.
In Figure 4, we show a tree represeting a cluster with eight SPsand three
SMPs connectedin a hierarchical network structure.

Fig. 4. Tree constructed by DRUM to represen a heterogeneousetwork.

Necessaryknowledge of the execution ervironment's underlying topology is
speci edin an XML Te createdby running a graphicalcon guration tool. The
con guration tool also assessesodes' computational capabilities by running
bendimarks (currently LINPACK [64]) and cheds for optional facilities used
by DRUM (e.g., threading capabilities). The con guration tool needsto be
re-run only when hardware characteristics of the systemhave changed.

Powersmay be computedfrom the static bendimark data only or may include
dynamic information from monitoring agents At ewvery node, ageris in sep-
arate threads probe network interfacesfor communication volume; network
nodesare monitored by representativeprocessesAt ead computation node,
agernts measurethe CPU load and memory capacity as viewed by ead local
processof the parallel job. (An NWS interface is also available for gathering
this information.) We compute the power of node n asthe weighted sum of a
processingpower p, and a comrmunication power c,:

power, = W°MMe, + wiPpn; wio™ + wiPt =

Sincemultiple relevant processesnight run on ead node n, we extendthe no-
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tion of a node'spower to processesWedenotelLP , = fps,;;j = 1,2;:::; ka0,
the setof k, processeps,; running on node n and invoking DRUM services.

For computation node n with m CPUs, we evaluate the processingoower py;
for eat processps,; in LP, basedon (i) CPU utilization u,; by process
psS;j, (i) the perceriage i; of time that CPU t is idle (and, thus, available
for computation if processegeceive more work), and (iii ) the node'ig static
bendimark rating (in MFLOPS) by,. The overall idle time in nodenis {1, i;.
owever, when k, < m, the maximum exploitable total idle time is kp j

}‘gl Un;j . Therefore, the total idle time that processe®s,; could exploit is

min(ky i jkgl Unj; 12 it). Assumingall processePs,; on node n should
have equal power, we compute averageCPU usageand idle times per process:
1 X -1 X X
U, = PR Upj; In = PR min(ky, j Unj,  p) -
n J:l n J:]_ t=1

Processingpower p,; is estimatedas
Prj = bh(Un+0n); j = L2000k

: . : P
Sincep,; is the samefor all processeg onnoden, p, = }‘gl Pnj = KnpPn;1. ON
internal nodes, p, is the sum of the processingpowers of the nodes' children.

We estimatea node's commnunication power basedon the communication traf-
“C at the node. At eah computation and (when possible)network node, ageris
estimatethe averagerate of incomingpadets, and outgoingpadets! oneadt
relevant communication interface. We view a node's commnunication power as
inverselyproportional to the commnunication activity factor CAF = | + 1 at
that node. The CAF provides dynamic information about the tratc passing
through a node, the comnunication tratc at neighboring nodes,and, to some
extert, the tratc in the overall system. The communication power of nodes
with more than oneinterface (e.g., routers) is computed asthe averageof the
powerson ead interface.Let CAF,; denotethe CAF of interfacei of a node
n with s interfaces.We estimate the comnmunication power as

1% 1
Ch =

g i=1 CAFnJ '

In practice, software loop-badk interfacesand interfaceswith CAF = 0 are
ignored. To compute per-processcommunication powers for processeg;j =

1;2;:::;k,; on node n, we compute ¢, and assciate ﬁcn with ead process.
For consistency if at least one non-root network node cannot be probed for
communication tratc, all internal nodesare assignedCAF valuescomputed
asthe sum of their immediate children's values.

The value of we°™™ is currertly speci ed manually. The possibility of basing
w:™™ on dynamic factors, sud as CAF, is being considered.

19



A top-down normalization is alsoperformedfor the valuesof p, and ¢, at eadh
level of the tree. Thus, for ead node n in L; (the setof nodesat level i), the
“nal power is computedas

Cn cpu pn
Ly WPy )
j=1 i=1 B

pover, = pp,(w"m"

wherepp, is the power of the parernt of node n; for the root node, pp, = 1.

Example 4 We presen experimertal results using DRUM in the solution of
a Laplace equation on the unit square,using Mitc hell's Parallel Hierarchical
Adaptive MultiLev el software (PHAML) [65]. After 17 adaptive re nemert
steps,the meshhas524,500nodes.We useda Sun cluster at Williams College
consisting of \fast" 450MHz Sparc Ultral | nodes and \slow" 300/333MHz
SparcUltral | processorsconnectedby fast (100 Mbit) Ethernet. Benchmark
runs indicated that the fast nodeshave a computation rate of approximately
1.5times faster than the slowv nodes.Given an equaldistribution of work, the
fast nodeswould be idle one third of the time. Zoltan's HSFC procedureis
usedfor partitioning; results are similar for other methods.

Table 5 shows wall clock solution times using equally sized partitions and
DRUM's resource-avare partitions. Computations on uniform speed proces-
sorsindicate only a small overheadincurred by DRUM's dynamic monitoring.
With uniform partitions, adding two slov processorsactually slows the com-
putation. DRUM's resource-aare partitions allow more e®ectie useof these
processorsparticularly when factoring in communication power. In prelimi-
nary experimerts with larger numbersof processorsDRUM's resource-aare
partitions show similar improvemerns. 2

Table5
Solution wall clock times (in seconds)using uniformly sizedpartitions and DRUM's
resource-avare partitions for various valuesof w°™™ in Example 4.

Nodes Uniform | wi®™ = 0:0 | wso™ = 0:1 | wi™ = 0:25
4 fast 292.33 295.53 294.94 295.04

4 fast+2 slow | 348.35 270.23 263.11 283.05

4 fast+4 slow || 268.03 248.20 243.48 235.02

Many enhancemets to DRUM are underway or planned for the future. The
expressiorfor the commnunication power is beingrevisedto include information
sudh as interface speed (bandwidth) and link latency. Dynamic commnunica-
tion weight selectionis beinginvestigated.When comnunication is overlapped
with computation, a weighted sum may not be an accurate model, so other
ways to combine communication and processingpower will be considered We
are also investigating ways to include memory statistics into the power ex-
pression.DRUM ageris currerntly monitor the available and total memory on
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ead computation node. More re ned memory statistics (e.g., number of cache
levels, cade hit ratio, cadhe and main memory accessimes) are neededto
capture memory e®ectsin the model. We are also deweloping a padage for
data collection and analysisthat will enableusto Tter noisy data and obtain
better estimatesof computational and commnunication performance.

Most previous work focuseson incorporating environment information into

pre-selectedartitioning algorithms. As an alternative, sud information could

be usedto selectappropriate partitioning strategies.For example, DRUM's

hierarchical machine model leadsnaturally to topology-drivenhierarchical par-

titioning. Work is divided amongthe children of the root of the DRUM tree,

with the child nodes' powers determining the amourt of work to be assigned
to ead node. The work assignedo thesenodesis then recursiwely partitioned

amongthe nodesin their subtrees.Di®erern partitioning methods canbe used
in ead level and subtreeto produce e®ectie partitions with respect to the

network; for example,graph or hypergraph partitioners could minimize com-
munication between nodes connectedby slowv networks while fast geometric
partitioners operate within ead node.

We are dewelopingthesecapabilitiesin Zoltan. Preliminary tests usean adap-
tive nite elemen simulation on a Sun cluster of multipro cessorsThe subsets
of the cluster usedfor the experimerts are four two-processor450MHz Sparc
Ultral I nodesand two four-processor4d50MHz Sparc Ultral | nodes, all con-
nectedby fast (100Mbit) Ethernet. Among all conbinations of traditional and
hierarchical procedurestime to solution was often minimized using hierarchi-
calload balancingusingParMETIS for inter-node partitioning and RIB within
ead node [66]. Further studieswill be performedusing hierarchical balancing
on larger clustersand with a wider variety of architectures and applications.

6 Conclusions and Future work

While great progresshas been made in dynamic load balancing for paral-
lel, unstructured and/or adaptive applications, researtr cortinuesto address
issuesarising due to application and architecture requiremerns. Existing al-
gorithms, sudh as the geometricalgorithms RCB and HSFC, are being aug-
merted to support special needsof complex applications. New models using
hypergraphs are being deweloped to more accurately represen highly con-
nected, non-symmetric, and/or rectangular systemsarising in density func-
tional theory, circuit simulations, and integerprogramming.On heterogeneous
computerarchitectures, software suc asDRUM dynamically detectsthe avail-
able computing, memory and network resources,and provides the resource
information to both existing partitioning algorithms and new hierarcdhical par-
titioning strategies.Software toolkits sud as Zoltan deliver thesecapabilities
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to applications, enablecomparisonsof methods within applications,and sene
astest-bedsfor further researth and developmert.

While we presen somesolutionsto theseissues,our work represems only a
small sampleof cortinuing researt into load balancing. For adaptive nite

elemen methods, data movemert from an old decompsition to a newonecan
consumeordersof magnitude moretime than the actual computation of a new
decompmsition; highly incremertal partitioning strategiesthat minimize data
movemern areimportant for high performanceof adaptive simulations [67,68].
In overlapping Schwartz preconditioning, the work to be balanceddependson
datain both the processor'subdomainandthe overlap region,while the sizeof
the overlap regiondependson the subdomain generatedby the partitioner. In

sud casesstandard partitioning modelsthat assumework per processolis the
total weight of objectsassignedo the processomre insutcient; strategiesthat

treat workloads as a function of the subdomain are needed[69]. Very large-
scalesemartic networks placeadditional demandson partitioners, dueto both
their high connectivity and irregular structure; highly e®ectie partitioning

techniques for these networks are in their infancy [70]. These examplesof
researt in partitioning, while still not exhaustive, demonstratethat, indeed,
the load-balancingproblem is not yet solwed.

References

[1] M. J. Berger, S. H. Bokhari, A partitioning strategy for nonuniform problems
on multipro cessorsJEEE Trans. Computers C-36 (5) (1987) 570{580.

[2] H. D. Simon, Partitioning of unstructured problems for parallel processing,in:
Proc. Conferenceon Parallel Methods on Large Scale Structural Analysis and
Physics Applications, Pergammon Press,1991.

[3] V. E. Taylor, B. Nour-Omid, A study of the factorization Tl-in for a parallel
implementation of the "nite elemen method, Int. J. Numer. Meth. Engng. 37
(1994) 3809{3823.

[4] M. S. Warren, J. K. Salmon, A parallel hashedoct-tree n-body algorithm, in:
Proc. Supercomputing '93, Portland, OR, 1993.

[5] J. R. Pilkington, S. B. Baden, Partitioning with space lling curves, CSE
Tednical Report CS94{349, Dept. Computer Science and Engineering,
University of California, San Diego, CA (1994).

[6] A. Patra, J. T. Oden, Problem decomposition for adaptive hp nite elemen
methods, J. Computing Systemsin Engg. 6 (2).

[7] W. F. Mitc hell, Re nement tree basedpartitioning for adaptive grids, in: Proc.
Sewenth SIAM Conf. on Parallel Processingfor Sciertic Computing, SIAM,
1995, pp. 587{592.

22



[8] J. Flaherty, R. Loy, M. Shephard,B. Szymanski,J. Terescol. Ziantz, Adaptive
local re nement with octree load-balancing for the parallel solution of three-
dimensional consenation laws, J. Parallel Distrib. Comput. 47 (2) (1998) 139{
152.

[9] A. Pothen, H. Simon, K. Liou, Partitioning sparsematrices with eigervectors
of graphs, SIAM J. Matrix Anal. 11 (3) (1990) 430{452.

[10] T. Bui, C. Jones, A heuristic for reducing 1l in sparsematrix factorization,
in: Proc. 6th SIAM Conf. Parallel Processingfor Scierti ¢ Computing, SIAM,
1993, pp. 445{452.

[11] B. Hendrickson, R. Leland, A multilev el algorithm for partitioning graphs, in:
Proc. Supercomputing '95, ACM, 1995.

[12]G. Karypis, V. Kumar, A fast and high quality multilevel scheme for
partitioning irregular graphs, Tedh. Rep. CORR 95{035, University of
Minnesota, Dept. Computer Science,Minneapolis, MN (June 1995).

[13] G. Cybenko, Dynamic load balancing for distributed memory multipro cessors,
J. Parallel Distrib. Comput. 7 (1989) 279{301.

[14]Y. Hu, R. Blake, An optimal dynamic load balancing algorithm, Ted. Report
DL-P-95-011, Daresbury Laboratory, Warrington, WA4 4AD, UK (Dec. 1995).

[15]E. Leiss, H. Reddy, Distributed load balancing: design and performance
analysis, W.M. Keck Researth Computation Laboratory 5 (1989) 205{270.

[16]S. Plimpton, S. Attaway, B. Hendrickson, J. Swegle,C. Vaughan, D. Gardner,
Transiert dynamics simulations: Parallel algorithms for contact detection and
smoothed particle hydrodynamics, J. Parallel Distrib. Comput. 50 (1998) 104{
122.

[17]1H. C. Edwards, A Parallel Infrastructure for Scalable Adaptiv e Finite Element
Methods and its Application to Least SquaresC! Collocation, Ph.D. thesis,
The University of Texasat Austin (May 1997).

[18]K. Devine, J. Flaherty, Parallel adaptive hp-re nement techniques for
consenation laws, Appl. Numer. Math. 20 (1996) 367{386.

[19]K. Sdloegel, G. Karypis, V. Kumar, Multilevel di®usion algorithms for
repartitioning of adaptive meshes, Journal of Parallel and Distributed
Computing 47 (2) (1997) 109{124.

[20] C. Walshaw, M. Cross,K. McManus, Multiphase meshpartitioning, App. Math.
Modelling 25 (2000) 123{140.

[21]K. Sdloegel, G. Karypis, V. Kumar, Parallel static and dynamic
multiconstraint graph partitioning, Concurrency and Computation { Practice
and Experience 14 (3) (2002) 219{240.

[22] B. Hendrickson, R. Leland, The Chaco user's guide, version 2.0, Tech. Rep.
SAND94{2692, Sandia National Laboratories, Albuguerque, NM (Oct. 1994).

23



[23]C. Walshav, The Parallel JOSTLE Library User's Guide, Version 3.0,
University of Greerwich, London, UK (2002).

[24] R. Preis, R. Diekmann, The PARTY partitioning library, userguide version1.1,
Ted. Rep. tr-rsfb-96-024, Dept. of Computer Science,University of Paderborn,
Paderborn, Germany (Sept. 1996).

[25] F. Pelligrini, SCOTCH 3.4 user's guide, Researtt Rep. RR-1264-01, LaBRI
(Nov. 2001).

[26] G. Karypis, V. Kumar, ParMETIS: Parallel graph partitioning and sparse
matrix ordering library, Ted. Rep. 97-060, Department of Computer
Science, University of Minnesota, available on the WWW at URL
http://www.cs.umn.edu/~metis  (1997).

[27]K. Devine, E. Boman, R. Heaphy, B. Hendrickson, C. Vaughan, Zoltan data
managemem servicesfor parallel dynamic applications, Computing in Science
and Engineering 4 (2) (2002) 90{97.

[28] K. Devine, B. Hendrickson, E. Boman, M. St. John, C. Vaughan, Zoltan:
A Dynamic Load Balancing Library for Parallel Applications; User's Guide,
Sandia National Laboratories, Albuquerque, NM, tech. Report SAND99-1377
http://www.cs.sandia.gov/Zoltan/ug_html/ug.html (1999).

[29]K. D. Devine, B. A. Hendrickson, Tink ertoy parallel programming: A casestudy
with Zoltan, J. Parallel and Distributed Scierti ¢ and Engineering Computing
To appear.

[30]B. Maerten, D. Roose,A. Basermann,J. Fingberg, G. Lonsdale, DRAMA: A
library for parallel dynamic load balancing of nite elemen applications, in:
Proc. Ninth SIAM Conferenceon Parallel Processingfor Scierti ¢ Computing,
San Antonio, TX, 1999.

[31]A. Pinar, B. Hendrickson, Communication support for adaptive computation,
in: Proc. 10th SIAM Conf. Parallel Processing for Sciertic Computing,
Portsmouth, VA, 2001.

[32]G. Karypis, Multi-constraint mesh partitioning for contact/impact
computations, in: Proc. SC2003,ACM, Phoenix, AZ, 2003.

[33]H. Sagan,Space-Filling Curves, Springer-Verlag, New York, NY, 1994.

[34]D. Moore, Fast hilbert curve generation, sorting and range queries, http://
www.caam.rice.edu/~dougm/twiddle/Hilbert

[35] A. Butz, Alternativ e algorithm for Hilbert's space- lling curve, IEEE Trans.
Comp. (1971) 424{426.

[36] S. Thomas, Software Library, http://www.mit.edu/afs/athena.mit.edu/
activity/c/cgs/src/urt3.1/lib/hil%bert.c (1991).

[37]J. Lawder, P. King, Using space- lling curves for multi-dimensional indexing,
Lecture Notes in Computer Sciencel832.

24



[38]J. Lawder, P. King, Querying multi-dimensional data indexed using the hilb ert
space- lling curve, SIGMOD Record 30 (1).

[39]P. M. Campbell, The performance of an octree load balancer for parallel
adaptive nite elemeri computation, Master's thesis, Computer ScienceDept.,
RensselaerPolytechnic Institute, Troy, NY (2001).

[40]G. Karypis, V. Kumar, Multilev el algorithms for multiconstraint graph
paritioning, Tedth. Rep. 98-019, Department of Computer Science,University
of Minnesota (1998).

[41]M. A. Igbal, Approximate algorithms for partitioning and assignmen problems,
Int. J. Par. Prog. 20.

[42]B. Olstad, F. Manne, Excient partitioning of sequences|EEE Trans. Comp.
44 (1995) 1322{1326.

[43]A. Pinar, Combinatorial algorithms in sciertic computing, Ph.D. thesis,
University of lllinois{Urbana-Champaign (2001).

[44]A. H. Stone, J. W. Tukey, Generalized sandwich theorems, Duke Math. J. 9
(1942) 356{359.

[45]C. Y. Lo, J. Matousek, W. Steiger, Algorithms for ham-sandwid cut, Disc.
Comput. Geometry 11 (4) (1994) 433{452.

[46]L. J. D. Frink, A. G. Salinger, M. P. Sears,J. D. Weinhold, A. L. Frischknedht,
Numerical challengesin the application of density functional theory to biology
and nanotednology, J. Phys. Cond. Matter 14 (2002) 12167{12187.

[47]B. Hendrickson, Graph partitioning and parallel solvers: Has the emperor no
clothes?,Lecture Notesin Computer Sciencel457(1998) 218{ 225.

[48] B. Hendrickson, T. Kolda, Graph partitioning models for parallel computing,
Parallel Computing 26 (2000) 1519{ 1534.

[49]U. Catalyurek, C. Aykanat, Hypergraph-partitioning baseddecomposition for
parallel sparse-matrix vector multiplication, IEEE Trans. Parallel Dist. Systems
10 (7) (1999) 673{693.

[50]A. Caldwell, A. Kahng, J. Markov, Design and implementation of move-based
heuristics for VLSI patrtitioning, ACM J. Experimertal Algs. 5.

[51] B. Vastenhowv, R. H. Bisseling, A two-dimensional data distribution method
for parallel sparsematrix-v ector multiplication, SIAM Review To appear.

[52]C. Chang, T. Kurc, A. Sussman,U. Catalyurek, J. Saltz, A hypergraph-based
workload partitioning strategy for parallel data aggregation, in: Proc. of 11th
SIAM Conf. Parallel Processingfor Scierti ¢ Computing, SIAM, 2001.

[53]M. Ozdal, C. Aykanat, Hypergraph models and algorithms for data-pattern
basedclustering, Data Mining and Knowledge Discovery 9 (1) (2004) 29{57.

25



[54]G. Karypis, R. Aggarwal, V. Kumar, S. Shekhar, Multilev el hypergraph
partitioning: application in VLSI domain, in: Proc. 34th conf. Design
automation, ACM, 1997,pp. 526{ 529.

[55] U. Catalyurek, C. Aykanat, Decomposingirregularly sparsematricesfor parallel
matrix-v ector multiplications, Lecture Notesin Computer Sciencelll7(1996)
75{ 86.

[56]E. Boman, K. Devine, R. Heaphy, B. Hendrickson, M. Heroux, R. Preis,
LDRD report: Parallel repartitioning for optimal solver performance, Tedh. Rep.
SAND2004{0365,SandiaNational Laboratories, Albuguerque, NM (Feb.2004).

[57]C. M. Fiduccia, R. M. Mattheyses,A linear time heuristic for improving network
partitions, in: Proc. 19th IEEE DesignAutomation Conf., IEEE, 1982 pp. 175{
181.

[58]J. D. Teresco,M. W. Beall, J. E. Flaherty, M. S. Shephard, A hierarchical
partition model for adaptive nite elemen computation, Comput. Methods
Appl. Mech. Engrg. 184 (2000) 269{285.

[59]T. Minyard, Y. Kallinderis, Parallel load balancing for dynamic execution
ervironments, Comput. Methods Appl. Mech. Engrg. 189(4) (2000) 1295{1309.

[60]C. Walshav, M. Cross, Multilevel Mesh Partitioning for Heterogeneous
Communication Networks, Future Generation Comput. Syst. 17 (5) (2001) 601{
623, (originally published as Univ. Greerwich Tet. Rep. 00/IM/57).

[61]S. Sinha, M. Parashar, Adaptiv e system partitioning of AMR applications on
heterogeneou<lusters, Cluster Computing 5 (4) (2002) 343{352.

[62] R. Wolski, N. T. Spring, J. Hayes, The Network Weather Service:A distributed
resourceperformanceforecastingservicefor metacomputing, Future Generation
Comput. Syst. 15 (5-6) (1999) 757{768.

[63]J. Faik, L. G. Gervasio, J. E. Flaherty, J. Chang, J. D. Teresco,E. G. Boman,
K. D. Devine, A model for resource-avare load balancing on heterogeneous
clusters, Tedh. Rep. CS-03-03, Williams College Department of Computer
Science http://www.cs.williams.edu/drum/ (2003).

[64]J. J. Dongarra, C. B. Moler, J. R. Bunch, G. W. Stewart, LINPACK User's
Guide, SIAM, Philadelphia (1979).

[65]W. F. Mitc hell, The designof a parallel adaptive multi-lev el code in Fortran 90,
in: Proc. 2002 Internatl. Conf. on Computational Science , Amsterdam, 2002.

[66]J. D. TerescoHierarchical partitioning and dynamic load balancingfor scierti ¢
computation, Tedh. Rep. CS-04-04,Williams College Department of Computer
Science,submitted as extended abstract to PARA '04. (2004).

[67]1M. Berzins, A new algorithm for adaptive load balancing, in: Proc. of 12th
SIAM Conf. Parallel Processingfor Scierti ¢ Computing, SIAM, 2004.

26



[68]Y. F. Hu, R. J. Blake, D. R. Emerson, An optimal migration algorithm for
dynamic load balancing, Concurrency: Prac. and Exper. 10 (1998) 467{483.

[69]A. Pinar, B. Hendrickson, Exploiting °exibly assignablework to improve load
balance, in: Proc. 14th ACM symp. Parallel algs and archs, ACM, 2002, pp.
155{ 163.

[70]T. Eliassi-Rad, A. Pothen, A. Pinar, K. Henderson,E. Chow, B. Hendrickson,
Graph partitioning for complex networks, in: Proc. of 12th SIAM Conf. Parallel
Processingfor Sciertic Computing, SIAM, 2004.

27



