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to addressingthese issueswithin the Zoltan Parallel Data Servicestoolkit.
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1 In tro duction

Load balancing | the assignment of work to processors| is critical in par-
allel simulations. It maximizesapplication performanceby keepingprocessor
idle time and interprocessorcommunication aslow aspossible.In applications
with constant workloads,static load balancingcan be usedasa pre-processor
to the computation. Other applications,such asadaptive ¯nite element meth-
ods,have workloadsthat areunpredictableor changeduring the computation;
such applications require dynamic load balancersthat adjust the decomposi-
tion asthe computation proceeds.Numerousstrategiesfor static and dynamic
load balancinghave beendeveloped, including recursive bisection(RB) meth-
ods [1{3], space-¯lling curve (SFC) partitioning [4{8] and graph partitioning
(including spectral [2,9], multilevel [10{12], and di®usive methods [13{15]).

Thesemethods provide e®ective partitioning for many applications, perhaps
suggestingthat the load-balancing problem is solved. RB and SFC meth-
ods are used in crash [16], particle [4,16], and adaptive ¯nite element sim-
ulations [1,6,17].Graph partitioning is e®ective in traditional [11,12],adap-
tiv e [18,19],and multiphase [20,21]¯nite element simulations, due, in part, to
high-quality serial(Chaco[22],METIS [12],Jostle[23],Party [24],Scotch [25])
and parallel (ParMETIS [26], PJostle [23]) graph partitioners.

But asparallel simulations and environments becomemoresophisticated,par-
titioning algorithms must addressnew issuesand application requirements.
Software designthat allows algorithms to be comparedand reusedis an im-
portant ¯rst step; carefully designedlibraries that support many applications
bene¯t application developers while serving as test-beds for algorithmic re-
search. Existing partitioners need additional functionality to support new
applications. Partitioning models must more accurately represent a broader
rangeof applications,including thosewith non-symmetric,non-square,and/or
highly-connectedrelationships.And partitioning algorithms needto be sensi-
tiv e to state-of-the-art, heterogeneouscomputer architectures, adjusting work
assignments relative to processing,memory and communication resources.

In this paper, we discussongoing research within the Zoltan Parallel Data
Servicesproject [27,28],addressingissuesarising from new applications and
architectures. In x2, we discussZoltan's softwaredesignand broad application
support. In x3, we present enhancements of some\oldie-but-goodie" geomet-
ric algorithms to addressneedsof emergingapplications and, in particular,
crash and particle simulations. x4 includes a hypergraph partitioning model
with greateraccuracyand expressivenessthan graph-basedmodels.And in x5,
we present system-sensitive partitioning for heterogeneouscomputing archi-
tectures. While not an exhaustive survey, this paper highlights our current
e®ortsand demonstratesthat, indeed,more research needsto be done.
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2 Soft ware

Software designis an important part of dynamic load-balancingresearch. Un-
fortunately, dynamic load balancingoften is addedto applications through a
single partitioning algorithm implemented directly in the application. While
this approach hasvery low overhead(asthe partitioner worksdirectly with the
application's data structures), it hasa number of disadvantages.Becauseonly
onealgorithm wasimplemented, the application developer cannotcomparethe
algorithm to other strategiesto evaluate its e®ectivenessfor the application.
The resulting implementation cannot be used in other applications, as it is
tied too closelyto the original application's data structures. The application
developer may not have the expertise or interest to optimize the partition-
ing algorithm. And implementing the partitioner takes time away from the
developer's primary interest | the application.

Software toolkits provide e®ective solutions to thesesoftware engineeringis-
sues[29]. Toolkits are libraries o®eringexpert implementations of related al-
gorithms, allowing straightforward comparisonsof methods within an appli-
cation. To further assistapplications, they often include other commonlyused
servicesrelated to their main purpose.By design,toolkits can be usedwith a
variety of applicationsand data structures; through their wider use,they ben-
e¯t from more thorough testing. Of course,applications incur someoverhead
in using the toolkits, but with careful design,the overheadcan be kept small.
And while application developersmust trust the toolkit designers,open-source
releaseof toolkit software allows careful inspection the implementations.

The Zoltan Parallel Data ServicesToolkit [27,28] is an example of such a
toolkit. Zoltan is uniquein providing dynamic loadbalancingand relatedcapa-
bilities to a wide rangeof dynamic,unstructured and/or adaptiveapplications.
Zoltan deliversthis support in several ways. First, by including a suite of par-
titioning algorithms, Zoltan addressesthe load-balancingneedsof many di®er-
ent typesof applications. Geometric algorithms like recursive bisection [1{3]
and space-¯lling curve partitioning [4,5] provide high-speed,medium-quality
decompositions that depend only on geometricinformation and are implicitly
incremental. Thesealgorithms are highly e®ective in crash simulations, par-
ticle methods, and adaptive ¯nite element methods. Graph-basedalgorithms,
provided through interfacesto the graph partitioning libraries ParMETIS [26]
and PJostle [23],provide higher quality decompositionsbasedon connectivity
betweenapplication data, but at a higher computational price. Graph algo-
rithms can also be e®ective in adaptive ¯nite element methods, as well as
multiphase simulations and linear algebra solvers. Using Zoltan, application
developers can switch partitioners simply by changing a Zoltan run-time pa-
rameter, allowing comparisonsof the partitioners' e®ecton the applications.
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Second,Zoltan supports many applications through its data-structure neutral
design.While similar toolkits focuson speci¯c applications(e.g., the DRAMA
toolkit [30] supports only mesh-basedapplications), Zoltan does not require
applications to have speci¯c data structures. Instead, data to be partitioned
are consideredto be generic\ob jects" with weights representing their compu-
tational cost. Zoltan also doesnot require applications to build speci¯c data
structures (e.g., graphs) for Zoltan. Instead, applications provide only simple
functions to answer queries from Zoltan. These functions return the object
weights, object coordinates, and relationships between objects. Zoltan then
calls these functions to build data structures neededfor partitioning. While
someoverheadis incurred through thesecallbacks, the cost is small compared
to the actual partitioning time. More importantly, development time is saved
asapplication developerswrite only simple functions insteadof building (and
debugging)complicateddistributed data structures for partitioning.

Third, Zoltan providesadditional functionality commonlyusedby applications
usingdynamic load balancing.For example,Zoltan's data migration toolsper-
form all communication to move data from old decompositions to new ones;
application developers provide only callback functions to pack data into and
unpack data from communication bu®ers.(In this respect, application-speci¯c
toolkits like DRAMA [30] can provide greater migration capabilities, as they
have knowledgeof application data structures.) Distributed data directories
basedon the rendezvous algorithm of Pinar and Hendrickson [31] e±ciently
locateo®-processordata after repartitioning. An unstructured communication
packagecan be usedfor performing communication within complexpatterns
of processorsand transferring data betweenmultiple decompositions in mul-
tiphase simulations. While these tools operate well together, separation be-
tweentools allows application developers to useonly the tools they want; for
example, they can use Zoltan to compute decompositions but perform data
migration themselves, or they can build Zoltan distributed data directories
that are completely independent of load balancing.

Zoltan's designis e®ective for both applications and research. It allows both
existing and new applications to easily use Zoltan. New algorithms can be
added to the toolkit easily and comparedto existing algorithms in real ap-
plications using Zoltan. In this way, Zoltan serves as our research test-bed
for new development, including enhancements to algorithms, incorporation of
new models,and support for state-of-the-art architectures.

3 Geometric Partitioning

Parallel crashand particle simulations are two application areasdriving par-
titioning research. While graph partitioning has beenextremely e®ective for
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Fig. 1. Cutting planes (left) and associated cut tree (right) for recursive bisection.
Dots are objects to be balanced;cuts are shown with colored lines and tree nodes.

traditional ¯nite element methods (so much so that many application devel-
opers erroneouslyuse the terms \graph partitioning" and \load balancing"
interchangeably),geometricproximit y of objects is more important than their
graph connectivity in these applications. In crash simulations, for example,
e±cient parallel detectionof contact surfacescanbe achieved whenphysically
closesurfacesare grouped within processors[16]. While graph-baseddecom-
positions have beenusedin contact detection, they require construction of a
geometric map for contact search [32]. Computing a parallel decomposition
with respect to geometriccoordinates is a more natural and straightforward
approach. Similarly, greateste±ciency for particle methods is achieved when
subdomains contain particles that are physically closeto each other [4,16].
Indeed, particle methods do not have a natural graph connectivity, making
graph partitioning di±cult or impossibleto apply. Moreover, frequent changes
in proximit y dueto geometrydeformationor particle movement requirerepar-
titioning strategiesthat are faster and moredynamic than graph partitioners.

Geometric partitioning is an old, conceptually simple, but often overlooked
techniquefor quickly and inexpensively generatingdecompositions.Usingonly
the geometriccoordinatesof objects, thesemethods assignregionsof spaceto
processorssothat the weight of objects in each regionis equal.Zoltan includes
geometricpartitioners basedon recursive bisectionand space-¯lling curves.

Recursive bisection (RB) [1{3] computesa cutting plane that divides a phys-
ical region into two subregions,each with half of the simulation's work (see
Figure 1). This cutting procedureis applied recursively to each subregionuntil
the number of subregionsequalsthe number of partitions desired.(The num-
ber of partitions neednot be a power of two; adjusting the work percentage
on each sideof a cut allows any number of partitions.) Zoltan includesRecur-
sive Coordinate Bisection (RCB) [1], which usescutting planesorthogonal to
coordinate axes,and Recursive Inertial Bisection (RIB) [2,3],which computes
cuts orthogonal to principal inertial axesof the geometry.

A space-¯lling curve (SFC) mapsn-dimensionalspaceto one dimension[33].
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Fig. 2. SFC partitioning (left) and box-assignment search procedure (right). Dots
(objects) are orderedalong the red SFC. Partitions are indicated by color. The black
box speci¯ed for box-assignment intersects the blue and white partitions.

In SFC partitioning, an object's coordinatesareconverted to a SFC key repre-
senting the object's position alonga SFC through the physicaldomain.Sorting
the keysgivesa linear ordering of the objects (seeFigure 2). This ordering is
cut into appropriately weighted piecesthat are assignedto processors.Zoltan
method HSFC (Hilb ert SFC) replacesthe sort with adaptive binning [28].
Basedupon their keys,objects areassignedto bins associated with partitions.
Bin sizesareadjustedadaptively to obtain su±cient granularit y for balancing.

Geometricmethodssharemany disadvantagesand advantages.They aree®ec-
tiv e when only geometriclocality is important and/or natural graph connec-
tivit y is not available. Becausethey do not explicitly control communication,
geometricpartitioners caninducehighercommunication coststhan graph par-
titioners for someapplications.However, becauseof their simplicity, they gen-
erally run faster and are easierto implement than graph partitioners. RCB
and SFC partitioning are alsoimplicitly incremental; that is, small changesin
workloadstend to produceonly small changesin the decomposition, resulting
in little data movement betweenthe old and new decompositions. This prop-
erty is crucial in dynamic load balancingsincethe cost of moving application
data is often high. Given the e®ectivenessof geometricmethods for someap-
plications, we present two enhancements that increaseapplicability of these
algorithms: assignment for contact detection and multicriteria partitioning.

Assignmen t for Con tact Detection: In crashsimulations, contact detec-
tion consistsof ¯nding all meshpoints that intersect a given set of surfaces.
Parallel contact detection is often done in two steps[16]: 1) assigneach sur-
face to the partitions whosesubdomains intersect the surface,and 2) within
each partition, ¯nd the points intersecting surfacesassignedin step 1. The
key kernelsof step 1 are identifying which partitions' subdomainsintersect a
given point or region. We de¯ne thesekernelsas point-assignment and box-
assignment, respectively. Given a point in space,point-assignment returns
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the partition owning the region of spacecontaining the point. Given an axis-
aligned region of space(de¯ned by a 2D or 3D box), box-assignmentreturns
a list of partitions whoseassignedregionsoverlap the speci¯ed box; this box
can be, say, a bounding box around a contact surface.

Point- and box-assignment are implemented easily for RB methods [16]. The
cutting planesused to generatea RB decomposition are stored as a binary
tree, as shown in Figure 1. The root represents the plane dividing the ini-
tial geometry into two subregions;children represent planescutting each of
the subregions.Each leaf represents the partition to which a subregionis as-
signed.This tree describes the entire decomposition, yet is small enoughto
be stored on each processor,allowing point-assignment and box-assignment
to be performedin serial.

Using the cut tree, RB point-assignment determineson which sideof the root
cut the given point lies, and proceedsto the child subregioncontaining the
point. Comparisonscontinue down the tree until a leaf is reached; the leaf's
partition is returned. For k partitions, RB point-assignment requiresO(log k)
operations.Similarly, in RB box-assignment, cornersof the box are compared
to the root cut. If any corneris lessthan the cut, the left child is visited; if any
corner is greater than the cut, the right child is visited. Partitions associated
with all leavesreached during the recursionare returned. RB box-assignment
requiresO(log k) operationsin typical usage,and O(k) operationsin the worst
case(where every partition intersectsthe box).

In Zoltan's HSFC partitioning, point-assignment is also easily implemented.
The k ¡ 1 cuts dividing the SFC into k partitions describe the entire decom-
position and canbe storedon each processor.The SFC key for the given point
is computed.A binary search for this key in the array of cuts returns the par-
tition owning the spaceassociated with key. Like RB point-assignment, SFC
point-assignment requiresO(log k) operations.

Box-assignment, however, is di±cult in SFC partitioning. Examination of the
SFC cuts does not provide a description of the physical spaceassignedto
each partition. Each entrance point of the SFC into the box must be found.
Traversingthe SFC is expensiveand, unlessdoneat extremelyhigh resolution,
could misssomepartitions that lie within the box.

We have developed an e±cient box-assignment algorithm for SFC decompo-
sitions. Our implementation is strongly in°uenced by accessof SFC-indexed
databasesin which high-dimensionalSFCs areusedto order databaseobjects.
The box-assignment problem is similar to the databaseproblem of ¯nding all
data objects insidea speci¯ed box or all objects \near" a speci¯ed object in a
database.Moore [34] developed software for several query methods (including
variations of box-assignment) and fast conversion betweenHilbert SFC keys
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and spatial coordinates;his work was basedon earlier work by Butz [35] and
Thomas [36]. Lawder [37,38]presents a Hilbert-like SFC and practical con-
versionsand spatial queriesfor high-dimensionaldatabaseaccess;while his
algorithms would work for a true Hilbert SFC, he createda Hilbert-like curve
with more compactstate tables necessaryfor high-dimensionaldatabases.

Our HSFC box-assignment algorithm calls a search routine, Next Query, that
returns one intersecting partition per call. Starting with SFC key zero as
input, Next Query returns the ¯rst partition m, 0 · m < k, along the SFC
that intersectsthe box. Then, starting at the SFC cut betweenpartitions m
and m+ 1, Next Query returns the next intersectingpartition q, m+ 1 · q < k.
The search endswhenno morepartitions intersect the box. Thus, Next Query
is calledp+ 1 times, wherep is the number of partitions intersectingthe box.
An exampleis shown in Figure 2.

Next Query recursively dividesthe spatial domain into octants and visits them
in the order that the SFC enters them. The SFC value passedto Next Query
represents the lowest SFC key assignedto the ¯rst partition m to check for in-
tersection.Next Query ¯nds the lowest numberedoctant intersectingthe box
whoseSFC key is not lessthan the input value. For each octant, it createsa
partial SFC key by appending bits representing the octant's position to bits
from higher octree levels; this partial key represents the subtreerooted at the
current octant. If the partial key is lessthan the input key, the subtreeeither
is not in the box or is owned by partitions 0 to m ¡ 1; no further search of
the subtreeis needed.Also, if the octant's extent (computed from the partial
key) doesnot intersect the box, the search continuesto the next octant in the
SFC. If, however, the extent intersectsthe box, the octant becomesthe new
spatial domain, the octant is re¯ned, and the search is applied recursively to
the octant's children until the required SFC key resolution is reached. (Occa-
sionally, a partial key doesnot provide enoughresolutionto rule out a subtree,
even though the subtreedoesnot meet the search criteria; in this case,stored
backtracking information allows e±cient restart.) The ¯nal computed SFC
key is then the smallestnot-previously-foundSFC key intersectingthe box. A
binary search of the SFC cuts producesthe partition in which the computed
key lies. HSFC box-assignment requiresO(plogk) operations.

To convert SFC keysto coordinatese±ciently, Next Query usestwo transition
tables [39]. These tables represent the SFC as an octree without explicitly
constructing the octree. Given an octant and its orientation in the SFC (i.e.,
re°ection and rotation of the Hilbert \U" curve), the data table returns bits
indicating the x, y, and z positionsof the octant within the orientation. These
bits areconcatenatedthrough all levelsof the octreeand converted to °oating
point coordinates.Given an octant and its orientation, the state table returns
the orientation of the SFC for the octant's children. Inverse tables convert
coordinates to SFC keys. This conversion can be thought of as numbering
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octants in the order that the SFC enters them, selectingthe octant containing
the spatial point, and appending the octant's number to the key.

Example 1 Wetestedour HSFC box-assignment algorithm on a 1.04million-
element mesh of a chemical reactor. We generatedan initial decomposition
(96 partitions on a 16-processorCompaq/DEC Alpha cluster at Sandia) us-
ing RCB or HSFC. We then perturbed the mesh coordinates (as in con-
tact/deformation problems) and repartitioned using the samemethod. For
each method, we did 10,000box-assignments on each processor.The box size
wasthe averageelement size,a typical sizein contact detection.Box locations
werechosenrandomly. In Table1, we show the maximum (over all processors)
time and number of intersectingpartitions for 10,000box-assignments. Due to
the lessregular shape of HSFC subdomains,more intersectingpartitions were
found by HSFC box-assignment. The work neededfor local contact search
(step 2 above) is proportional to the number of intersecting partitions; how-
ever, the di®erencesseenhere do not raise concern.HSFC partitioning took
lesstime than RCB partitioning, while HSFC box-assignment took more time
than RCB box-assignment. Sincebox-assignment is typically donethousands
of times per decomposition, the relative bene¯ts of RCB and HSFC dependon
the particular application and problem. However, for applications preferring
HSFC decompositions, availabilit y of HSFC box-assignment is a bene¯t. 2

Table 1
Results comparing RCB and HSFC box-assignment for Example 1.

Partitioner # of Intersecting Parts Partitioning Time for 10,000
for 10,000box-assignments Time box-assignments

RCB 10,931 0.71 secs 0.027secs

HSFC 10,983 0.59 secs 0.176secs

Multicriteria Geometric Partitioning: Crash simulations are \m ulti-
phase" applications consistingof two separatephases:computation of forces
and contact detection.Often, separatedecompositionsareusedfor each phase;
data is communicatedfrom onedecomposition to the other betweenphases[16].
Obtaining a single decomposition that is good with respect to both phases
would remove the needfor communication betweenphases.Each object would
have multiple loads, corresponding to its workload in each phase.The chal-
lengewould becomputinga singledecomposition that is balancedwith respect
to all loads.Such a multicriteria partitioner could be usedin other situations
as well, such as balancingboth computational work and memory usage.

Karypis et al. [21,32,40]have consideredmulticriteria graph partitioning and
its use in crash simulations. However, sincegeometricpartitioners are often
preferred, we aim to enablegeometricalgorithms to balancemultiple loads.
Good solutions to the multicriteria partitioning problem may not exist for all
problemswith geometricmethods; the bestwe canhope for areheuristicsthat
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work well on many problems.We arenot awareof previouse®ortsin this area.

Most geometricpartitioners reducethe partitioning problem to a one-dimen-
sionalproblem.RCB, for example,bisectsthe geometryperpendicular to only
one coordinate axis at a time; the corresponding coordinate of the objects
de¯nes a linear order. Thus, even if the original partitioning problem has
objects in multidimensional space(typically R3), we restrict our attention
to the one-dimensionalpartitioning problem. This problem is also known as
chains-on-chains, and hasbeenwell studied for the single-loadcase[41{43].

Traditional optimization problemsare written in the standard form: minimize
f (x) subject to someconstraints. Hence,handling multiple constraints is easy,
but handling multiple objectivesis much harderasit doesnot ¯t into this form.
Multicriteria load balancing can be formulated as either a multiconstraint
or multiob jective problem. Often, the balance of each load is considereda
constraint and has to satisfy a certain tolerance.Such a formulation ¯ts the
standard form, where, in this case,there is no objective, only constraints.
Unfortunately, there is no guarantee that a solution exists to this problem. In
practice, we want a \b est possible"decomposition, even if the desiredbalance
criteria cannot be satis¯ed. Thus, an alternative is to make the constraints
objectives;that is, wewant to achieveasgood balanceaspossiblewith respect
to all loads. Multiob jective optimization is a very hard problem, because,in
general,the objectivescon°ict and there is no unique \optimal solution."

In dynamic load balancing, speed is often more important than quality of
the solution. The unicriterion (standard) RCB algorithm is fast becauseeach
bisectingcut canbecomputedvery quickly. Computing the cuts is fast because
it requiressolving only a unimodal optimization problem. We want the same
speedto apply in the multicriteria case.Thus, we can remove many methods
from considerationbecausewe cannot a®ord to solve a global optimization
problem, not even in onedimension.

We considermathematical models of the multicriteria bisection problem. Al-
though the partitioning problem allows for k partitions, we will focus on the
bisection problem, i.e., k = 2. The solution for general k can be obtained
by recursively bisecting the resulting partitions. Given a set of n points, let
a1; a2; : : : ; an be the corresponding loads (weights). Informally, our objective
is to ¯nd an index s, 1 · s · n, such that

P
i · s ai ¼

P
i>s ai . When each ai is

scalar,this problem is easyto solve. One can simply minimize the larger sum:

min
s

max(
X

i · s

ai ;
X

i>s

ai ):

In the multicriteria case,however, each ai is a vector and the problem is not
well-de¯ned. In general, no index s achieves approximate equality in every
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dimension.Applying the weighted sum method to the formula above yields

min
s

wT max(
X

i · s

ai ;
X

i>s

ai );

wherethe maximum of two vectorsis de¯ned element-wise and w is a costvec-
tor, possiblyall ones,that combinesmultiple objectivesinto a singleobjective.
This formulation is reasonablefor load balancing: assumingcomponent j of
ai represents the work associated with object i and phasej , we minimize the
total time over all phases,where one phasecannot start before the previous
one has ¯nished. Unfortunately, it is hard to solve; becausethe function is
non-convex, global optimization is required. Instead, we proposea heuristic:

min
s

max(g(
X

i · s

ai ); g(
X

i>s

ai )) ;

where g is a monotonically non-decreasingfunction in each component of
the input vector. Motivated by the global criterion method, we suggestusing
either g(x) =

P
j xp

j with p = 1 or p = 2, or g(x) = kxk for somenorm. This
formulation hasonecrucial computational advantage:the objective function is
unimodal with respect to s. In other words,starting with s = 1 and increasing
s, the objective decreases,until at somepoint the objective starts increasing.
That point de¯nes the optimal bisectionvalue s. Note that the objective may
be locally °at (constant), so there is not always a unique minimizer.

While we did not explicitly scalethe weights in our description above, scaling
is important sinceour approach implicitly comparesvaluescorresponding to
di®erent weight dimensions.We implemented two typesof scaling:no scaling
or imbalance-tolerancescaling.No scalingis usefulwhenthe magnitudeof the
weights re°ects the importance of the load types.But in general,the natural
scaling is to make all weight dimensionsequally important. To account for
user-speci¯ed imbalancetolerances(i.e., amount of load imbalanceallowed for
each weight dimension), we scalethe weights such that the load types with
the largest imbalancetolerancehave the smallestsum, and vice versa.

Example 2 Wepresent resultsusinga 4000-element meshof a chemicalreac-
tor with two weights per element (d = 2). For each element, the ¯rst weight is
one;the secondcorrespondsto the number of its faceshaving no faceneighbors
(i.e., on the external surface).This weighting schemeis realistic for contact
problems. Tests were run on a Compaq/DEC Alpha cluster at Sandia. We
divided this meshinto k = 9 partitions using our multicriteria RCB code and
comparedagainst ParMETIS. Results are shown in Table 2. BALAN CE[i ]
is the maximum processorload for weight i divided by the averageprocessor
load for weight i , i = 0; : : : ; d¡ 1. Weobserve little di®erencebetweenthe mul-
ticriteria RCB algorithms using di®erent norms. The balancesare not quite
asgood asParMETIS, which was expectedsincethe RCB cuts are restricted
to orthogonal planes.Still, the multicriteria RCB algorithm producesreason-
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able load balancefor this problem in lesstime than ParMETIS and provides
a viable alternative for applications lacking graph connectivity. For compari-
son, we include the results for RCB with d = 1; i.e., only the ¯rst weight is
used.The edgecuts are the number of graph edgesthat are cut by partition
boundaries,approximating communication volume in parallel applications. 2

Table 2
Results comparing multicriteria RCB and multicriteria ParMETIS for Example 2.

RCB RCB RCB RCB ParMETIS
k = 9 d = 1 d = 2 d = 2 d = 2 d = 2

norm=1 norm=2 norm=max

BALANCE[0] 1.00 1.13 1.13 1.12 1.01

BALANCE[1] 1.11 1.11 1.16 1.01

Edge Cuts 1576 1502 1500 1468 1516

Time 0.10 0.11 0.12 0.11 0.25

While further experimentation is needed,initial results are promising. A nat-
ural questionis how much better onecan do by choosingan arbitrary cutting
planeat every step.(RCB is restricted to cutting alongcoordinate axes.)There
is an interesting theoretical result, known asthe Ham Sandwich Theorem[44],
which implies that a set of points in Rn , each with an n-dimensionalbinary
weight vector, can be cut by a (n ¡ 1)-dimensionalhyperplanesuch that the
vector sumin the two half-spacesdi®ersby at most onein each vector compo-
nent. A linear time algorithm exists for n = 2, and somee±cient algorithms
exist for other low dimensions[45].

4 Hyp ergraph Mo dels

New simulation areassuch aselectrical systems,computational biology, linear
programming and nanotechnology show the limitations of current partition-
ing technologies.Critical di®erencesbetweentheseareasand more traditional
mesh-basedPDE simulations includehigh connectivity, heterogeneity in topol-
ogy, and matricesthat are rectangularor non-symmetric.The non-zerostruc-
ture of the matrix in Table4, takenfrom a density functional theory simulation
of polymer self-assembly [46], is representativ e of thesenew applications; one
can easily seethe vastly di®erent structure of this matrix comparedto a tra-
ditional ¯nite element matrix (Table 3). More robust partitioning modelsare
neededfor e±cient parallelization of theseapplications.

Graph models are often consideredthe most e®ective models for mesh-based
PDE simulations. In graph models, graph vertices represent the data to be
partitioned (e.g., elements, matrix rows). Edges represent relationships be-
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AA

Fig. 3. Example of communication metrics in graph (left) and hypergraph parti-
tioning (right). Edgesare shown in blue; the partition boundary is shown in red.

tweenvertices(e.g., sharedfaces,o®-diagonalmatrix entries), The number of
edges\cut" by a subdomain boundary (i.e., connectingvertices in di®erent
partitions) approximates the volume of communication neededduring com-
putation (e.g., °ux calculations, matrix-vector multiplication). Vertices and
edgescan be weighted to re°ect associated computation and communication
costs, respectively. The goal of graph partitioning, then, is to assignequal
total vertex weight to partitions while minimizing the weight of cut edges.

It is important to note that the edge-cutmetric is only an approximation of
communication volume. For example,in Figure 3 (left), a grid is divided into
two partitions (separatedby a red line). Grid point A hasfour graph edgesas-
sociated with it; each edge(shown in blue) connectsA with a neighboring grid
point. Two of the edgesarecut by the partition boundary; however, the actual
communication volume associated with sendingA to the neighboring proces-
sor is only one grid point. Nonetheless,countless examplesdemonstratethe
successof graph partitioning in sparseiterativ e solvers and mesh-basedPDE
applications; the approximation is often good enoughfor theseapplications.

Another limitation of the graph model is the type of systemsit can repre-
sent [47]. Becauseedgesin the graph model are non-directional, they imply
symmetry in all relationships,making them appropriateonly for problemsrep-
resented by square,symmetric matrices. Non-symmetric systemsA must be
represented by a symmetrizedmodel A + AT , adding new edgesto the graph
and further skewingthe communication metric. While a directed graph model
could be adopted,it would not improve the communication metric's accuracy.

Likewise,graph modelscan not represent rectangular matrices,such as those
arising in linear programming. Kolda and Hendrickson [48] proposeusing bi-
partite graphs. For an m £ n matrix A, vertices mi ; i = 1; : : : ; m represent
rows, and verticesnj ; j = 1; : : : ; n represent columns.Edgeseij connectingmi

and nj exist for non-zeromatrix entries aij . But as in other graph models,the
number of cut edgesonly approximates communication volume.

Hypergraph models [49] addressmany of the drawbacks of graph models.As
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in graph models,hypergraphverticesrepresent the work of a simulation. How-
ever, hypergraph edges(hyperedges)are setsof two or more related vertices.
The number of hyperedgecuts is an exact representation of communication
volume,not merely an approximation [49]. In the examplein Figure 3 (right),
a singlehyperedge(shown in blue) including vertex A and its neighborsis asso-
ciated with A; this singlecut hyperedgeaccuratelyre°ects the communication
volume associated with A.

Catalyurek and Aykanat [49]alsodescribe the greaterexpressivenessof hyper-
graph models over graph models. Hypergraph models do not imply symme-
try in relationships, allowing both non-symmetric and rectangular matrices
to be represented. For example, the rows of a rectangular matrix could be
represented by the vertices of a hypergraph. Each matrix column would be
represented by a hyperedgeconnectingall non-zerorows in the column.

Hypergraphpartitioning's e®ectivenesshasbeendemonstratedin many areas,
including VLSI layout [50],sparsematrix decompositions[49,51],anddatabase
storageand data mining [52,53].Serial hypergraph partitioners are available
(e.g., hMETIS [54], PaToH [49,55],Mondriaan [51]), but for large-scaleand
dynamic applications, parallel hypergraph partitioners are needed.

As a precursorto parallel hypergraphpartitioning, we have developed a serial
hypergraphpartitioner in Zoltan. Likeother hypergraphpartitioners [49,54,55],
our hypergraphpartitioner usesmulti-level strategiesdevelopedfor graph par-
titioners [10{12]. In the multi-level algorithm, we coarsena hypergraph into
successively smaller hypergraphs.We partition the smallest hypergraph and
project the coarsedecomposition back to the larger hypergraphs,using local
optimization to reducehyperedgecuts while maintaining balanceat each level.

The coarseningphaseusesreduction methods that are basedon graph match-
ing algorithms adapted to hypergraphs.Each type of reduction method |
matching, packing, and grouping | selectsa set of vertices and combines
them into a single, \larger" vertex. In matching, a pair of connectedvertices
is replacedwith an equivalent vertex; the new vertex's weight, connectivity,
and associated hyperedgeweights represent the original pair of vertices rea-
sonably. Packing methods replaceall verticesconnectedby a hyperedgewith
an equivalent vertex. Grouping methods replaceall ungrouped vertices con-
nected by a single hyperedgewith an equivalent vertex. Optimal matching,
packing and grouping algorithms are typically very time consuming;they ei-
ther areNP-completeor have run-times that areO(np) wherep is large.Thus,
we implemented several fast approximation algorithms for thesetasks [56].

The coarsesthypergraphis then partitioned. If the coarsesthypergraphhask
or fewer vertices(where k is the number of requestedpartitions), each vertex
is trivially assignedto a partition. Otherwise, a greedypartitioning method

14



establishesthe coarse-hypergraph decomposition.

Finally, the coarsepartition is projected onto the successively ¯ner hyper-
graphs. A coarsevertex's partition assignment is given to all ¯ne vertices
that were reducedinto the coarsevertex. At each projection, a variation of
the Fiduccia-Mattheyes [57] optimizer reducesthe weight of cut hyperedges
while maintaining load balance.The local optimizer generatestwo partitions
(k = 2). For k > 2, the hypergraph partitioner is applied recursively.

Example 3 To demonstratethe e®ectivenessof hypergraphpartitioning, we
applied both graph and hypergraph partitioners to matrices and compared
the communication volume required for matrix-vector multiplication using
the resulting decompositions. For both methods, each row i of the matrix
A was represented by node ni . For hypergraph methods, each column j was
represented by a hyperedgehj with hj = f ni : aij 6= 0g. For graph methods,
edgeeij connectingnodesni and nj existedfor each non-zeroaij or aj i in the
matrix A; that is, the graph represented the symmetrizedmatrix A + AT .

The ¯rst matrix is from a standard hexahedral¯nite element simulation; it is
symmetric and very sparse.This type of matrix is represented well by graphs.
As a result, hypergraph partitioning has only a small advantage over graph
partitioning for this typeof matrix [49].For a ¯v e-partition decomposition, hy-
pergraph partitioning reducedtotal communication volume 2-22%compared
to graph partitioning. Detailed results are in Table 3; the \b est" and \w orst"
Zoltan hypergraph methods correspond to di®erent reduction strategies.

Greater bene¯t from hypergraph partitioning is seenusing a matrix from a
polymer self-assembly simulation in the density-functional theory (DFT) code
Tramonto [46]. The matrix has 46,176rows with 3,690,048non-zerosin an
intricate sparsity pattern arising from the wide stencil usedin Tramonto. For
an eight-partition decomposition, hypergraphpartitioning reducedtotal com-
munication volume 37-56%relative to graph partitioning. Hypergraph parti-
tioning also reduced the number of neighboring partitions. Detailed results
are in Table 4. Becauseour methods are not yet optimized, we do not report
partitioning times; however, Catalyurek and Aykanat show that hypergraph
partitioning takesup to 2.5 times as much time as graph partitioning [49]. 2

These experiments and others [49] show the promise of hypergraph parti-
tioning for emergingapplications.To be e®ective for dynamic load balancing,
however, parallel hypergraphpartitioners areneeded.Also, to keepdata move-
ment costs low, incremental hypergraph algorithms are needed;extensionof
di®usive graph algorithms [13] to hypergraphs is a logical approach, but is
complicatedby the hyperedges'larger cardinality.

15



Table 3
Comparisonof graph and hypergraphpartitioning for HexFEM matrix (Example 3).

HexFEM Matrix:
² Hexahedral 3D
structured-mesh
¯nite element method.
² 32,768rows
² 830,584non-zeros
² Five partitions

Partitioning Imbalance # of Neighbor Communication Reduction
Method (Max / Partitions per Volume over all of Total

Avg Work) Partition Partitions Communication
Volume

Max Avg Max Total

Graph method 1.03 4 3.6 1659 6790
(METIS
PartKW ay)

Best Zoltan 1.013 4 3.6 1164 5270 22%
hypergraph
method (RRM)

Worst Zoltan 1.019 4 2.8 2209 6644 2%
hypergraph
method (RHP)

Table 4
Comparisonof graph and hypergraphpartitioning for PolyDFT matrix (Example 3).

PolyDFT matrix
² Polymer self-assembly
simulation
² Density functional
theory code
² 46,176rows
² 3,690,048non-zeros
² Eight partitions

Partitioning Imbalance # of Neighbor Communication Reduction
Method (Max / Partitions per Volume over all of Total

Avg Work) Partition Partitions Communication
Volume

Max Avg Max Total

Graph method 1.03 7 6 7382 44,994
(METIS
PartKW ay)

Best Zoltan 1.018 5 4 3493 19,427 56%
hypergraph
method (MX G)

Worst Zoltan 1.03 6 5.25 5193 28,067 37%
hypergraph
method (GRP)
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5 Resource-Aw are Load Balancing

Load-balancingresearch is driven not only by emergingapplications,but also
by emergingparallel architectures.Thesenewarchitecturesspanmany scales.
Clusters have becomeviable alternatives to tightly coupledparallel comput-
ers for small-scalesystems.They are cost-e®ective environments for running
computationally intensive distributed applications. An attractiv e feature of
clustersis the abilit y to increasetheir computational power by adding nodes.
Such expansionscan result in heterogeneousenvironments, as newly added
nodes often have superior capabilities. On the medium scale,many super-
computers (e.g., ASCI Q, Earth Simulator) are constructed as networks of
shared-memorymultipro cessors(SMPs) with complexand non-homogeneous
interconnectiontopologies.And on the largestscale,grid technologieshaveen-
abled computation on widely distributed systems,combining geographically
distributed clustersand supercomputersinto a singlecomputational resource.
Thesegrids introduceextremecomputational and network heterogeneity.

To distribute data from any application e®ectively on such systems,partition-
ers must be resource-aware; that is, they must account for heterogeneity in
the execution environment. Resource-aware balancing requiresgathering in-
formation about the computing environment (e.g., computing, network and
memory availabilit y), and determining how to use the information for load
balancing(e.g., by adjusting partition sizesand/or selectingappropriate par-
titioning algorithms). A number of projects attempt to addresstheseissues.
Terescoet al. [58] usea directed-graphmodel to represent hierarchical envi-
ronments; their work is a precursorof the work described here.Minyard and
Kallinderis [59] monitor process\w ait times" to assignelement weights that
are used in octree partitioning. Walshaw and Cross [60] couple a multilevel
graph algorithm with a model of a heterogeneouscommunication network to
minimize a communication cost function. Sinhaand Parashar[61]usethe Net-
work Weather Service(NWS) [62] to gather information about the state and
capabilitiesof available resources;they computethe load capacity of each node
as a weighted sum of processing,memory, and communications capabilities.

We are developing a model for resource-aware load balancing called DRUM
(Dynamic ResourceUtilization Model) [63]. DRUM providesapplications ag-
gregatedinformation about the computation and communication capabilities
of an executionenvironment. DRUM canbe viewed asan abstract object that
1) encapsulatesthe details of hardware resources,capabilities and intercon-
nection topology, 2) provides a facility for dynamic, modular, and minimally
intrusive monitoring of an executionenvironment, and 3) distills this informa-
tion to a scalar\p ower" value, readily usableby any load-balancingalgorithm
as the percentage of overall application load to be assignedto a partition.
DRUM has been designedto work with Zoltan, but may also be used as a
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separatelibrary.

DRUM represents the underlying interconnection network topology of hier-
archical systems(e.g., clusters of clusters, or clusters of multipro cessors)as
a tree. The root of the tree represents the total execution environment. Its
children are high-level divisions of networks connectedto form the total ex-
ecution environment. Sub-environments are recursively divided, accordingto
the network hierarchy, with the tree leavesbeingindividual computation nodes
(i.e., single processors(SP) or SMPs). Computation nodes have data repre-
senting their relative computing and communication power. Non-leafnetwork
nodes, representing routers or switches, have an aggregatepower calculated
as a function of the powers of their children and the network characteristics.
In Figure 4, we show a tree representing a cluster with eight SPs and three
SMPs connectedin a hierarchical network structure.

SMP SMP

SP SP

SP SP SP SP SP SP

SwitchRouter

Router Router SMP

Router

Communication node

Processing node

Fig. 4. Tree constructed by DRUM to represent a heterogeneousnetwork.

Necessaryknowledgeof the execution environment's underlying topology is
speci¯ed in an XML ¯le createdby running a graphicalcon¯guration tool. The
con¯guration tool also assessesnodes' computational capabilities by running
benchmarks (currently LINPACK [64]) and checks for optional facilities used
by DRUM (e.g., threading capabilities). The con¯guration tool needsto be
re-run only when hardware characteristicsof the systemhave changed.

Powersmay be computedfrom the static benchmark data only or may include
dynamic information from monitoring agents. At every node, agents in sep-
arate threads probe network interfacesfor communication volume; network
nodesare monitored by representativeprocesses.At each computation node,
agents measurethe CPU load and memory capacity as viewed by each local
processof the parallel job. (An NWS interface is also available for gathering
this information.) We compute the power of node n as the weighted sum of a
processingpower pn and a communication power cn :

powern = wcomm
n cn + wcpu

n pn ; wcomm
n + wcpu

n = 1:

Sincemultiple relevant processesmight run on each node n, we extend the no-
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tion of a node'spower to processes.WedenoteLP n = f psn;j ; j = 1; 2; : : : ; kng,
the set of kn processespsn;j running on node n and invoking DRUM services.

For computation node n with m CPUs, we evaluate the processingpower pn;j

for each processpsn;j in LP n basedon (i ) CPU utilization un;j by process
psn;j , (ii ) the percentage i t of time that CPU t is idle (and, thus, available
for computation if processesreceive more work), and (iii ) the node's static
benchmark rating (in MFLOPS) bn . The overall idle time in node n is

P m
t=1 i t .

However, when kn < m, the maximum exploitable total idle time is kn ¡
P kn

j =1 un;j . Therefore, the total idle time that processespsn;j could exploit is
min(kn ¡

P kn
j =1 un;j ;

P m
t=1 i t ). Assuming all processespsn;j on node n should

have equalpower, we computeaverageCPU usageand idle times per process:

un =
1
kn

knX

j =1

un;j ; i n =
1
kn

min(kn ¡
knX

j =1

un;j ;
mX

t=1

i t ) :

Processingpower pn;j is estimatedas

pn;j = bn (un + i n ); j = 1; 2; : : : ; kn :

Sincepn;j is the samefor all processesj on noden, pn =
P kn

j =1 pn;j = knpn;1. On
internal nodes,pn is the sum of the processingpowersof the nodes' children.

We estimatea node'scommunication power basedon the communication traf-
¯c at the node.At each computation and (whenpossible)network node,agents
estimatethe averagerate of incomingpackets¸ andoutgoingpackets¹ on each
relevant communication interface.We view a node's communication power as
inverselyproportional to the communication activit y factor CAF = ¸ + ¹ at
that node. The CAF provides dynamic information about the tra±c passing
through a node, the communication tra±c at neighboring nodes,and, to some
extent, the tra±c in the overall system.The communication power of nodes
with more than oneinterface(e.g., routers) is computedas the averageof the
powerson each interface.Let CAFn;i denotethe CAF of interfacei of a node
n with s interfaces.We estimate the communication power as

cn =
1
s

sX

i =1

1
CAFn;i

:

In practice, software loop-back interfacesand interfaceswith CAF = 0 are
ignored. To compute per-processcommunication powers for processesj ; j =
1; 2; : : : ; kn ; on node n, we compute cn and associate 1

kn
cn with each process.

For consistency, if at least one non-root network node cannot be probed for
communication tra±c, all internal nodesare assignedCAF valuescomputed
as the sum of their immediate children's values.

The value of wcomm
n is currently speci¯ed manually. The possibility of basing

wcomm
n on dynamic factors, such as CAF , is being considered.
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A top-down normalization is alsoperformedfor the valuesof pn and cn at each
level of the tree. Thus, for each node n in L i (the set of nodesat level i ), the
¯nal power is computedas

powern = ppn (wcomm
n

cn
P jL i j

j =1 cj

+ wcpu
n

pn
P jL i j

j =1 pj

)

whereppn is the power of the parent of node n; for the root node, ppn = 1.

Example 4 We present experimental results using DRUM in the solution of
a Laplace equation on the unit square,using Mitchell's Parallel Hierarchical
Adaptive MultiLev el software (PHAML) [65]. After 17 adaptive re¯nement
steps,the meshhas524,500nodes.We useda Sun cluster at Williams College
consisting of \fast" 450MHz Sparc UltraI I nodes and \slow" 300/333MHz
SparcUltraI I processors,connectedby fast (100 Mbit) Ethernet. Benchmark
runs indicated that the fast nodeshave a computation rate of approximately
1.5 times faster than the slow nodes.Given an equaldistribution of work, the
fast nodes would be idle one third of the time. Zoltan's HSFC procedure is
usedfor partitioning; results are similar for other methods.

Table 5 shows wall clock solution times using equally sized partitions and
DRUM's resource-aware partitions. Computations on uniform speed proces-
sorsindicate only a small overheadincurred by DRUM's dynamic monitoring.
With uniform partitions, adding two slow processorsactually slows the com-
putation. DRUM's resource-aware partitions allow more e®ective useof these
processors,particularly when factoring in communication power. In prelimi-
nary experiments with larger numbersof processors,DRUM's resource-aware
partitions show similar improvements. 2

Table 5
Solution wall clock times (in seconds)using uniformly sizedpartitions and DRUM's
resource-aware partitions for various valuesof wcomm

n in Example 4.

Nodes Uniform wcomm
n = 0:0 wcomm

n = 0:1 wcomm
n = 0:25

4 fast 292.33 295.53 294.94 295.04

4 fast+2 slow 348.35 270.23 263.11 283.05

4 fast+4 slow 268.03 248.20 243.48 235.02

Many enhancements to DRUM are underway or planned for the future. The
expressionfor the communication power is beingrevisedto includeinformation
such as interface speed (bandwidth) and link latency. Dynamic communica-
tion weight selectionis beinginvestigated.When communication is overlapped
with computation, a weighted sum may not be an accurate model, so other
ways to combine communication and processingpower will be considered.We
are also investigating ways to include memory statistics into the power ex-
pression.DRUM agents currently monitor the available and total memory on
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each computation node.More re¯ned memorystatistics (e.g.,number of cache
levels, cache hit ratio, cache and main memory accesstimes) are neededto
capture memory e®ectsin the model. We are also developing a package for
data collection and analysisthat will enableus to ¯lter noisy data and obtain
better estimatesof computational and communication performance.

Most previous work focuseson incorporating environment information into
pre-selectedpartitioning algorithms. As an alternative,such information could
be used to selectappropriate partitioning strategies.For example,DRUM's
hierarchical machinemodel leadsnaturally to topology-drivenhierarchical par-
titioning. Work is divided amongthe children of the root of the DRUM tree,
with the child nodes' powers determining the amount of work to be assigned
to each node.The work assignedto thesenodesis then recursively partitioned
amongthe nodesin their subtrees.Di®erent partitioning methods canbe used
in each level and subtree to produce e®ective partitions with respect to the
network; for example,graph or hypergraph partitioners could minimize com-
munication between nodes connectedby slow networks while fast geometric
partitioners operate within each node.

We are developingthesecapabilities in Zoltan. Preliminary tests usean adap-
tiv e ¯nite element simulation on a Suncluster of multipro cessors.The subsets
of the cluster usedfor the experiments are four two-processor450MHz Sparc
UltraI I nodes and two four-processor450MHz Sparc UltraI I nodes, all con-
nectedby fast (100Mbit) Ethernet. Among all combinations of traditional and
hierarchical procedures,time to solution wasoften minimized usinghierarchi-
cal load balancingusingParMETIS for inter-nodepartitioning and RIB within
each node [66]. Further studieswill be performedusing hierarchical balancing
on larger clustersand with a wider variety of architectures and applications.

6 Conclusions and Future work

While great progresshas been made in dynamic load balancing for paral-
lel, unstructured and/or adaptive applications, research continuesto address
issuesarising due to application and architecture requirements. Existing al-
gorithms, such as the geometricalgorithms RCB and HSFC, are being aug-
mented to support special needsof complex applications. New models using
hypergraphs are being developed to more accurately represent highly con-
nected, non-symmetric, and/or rectangular systemsarising in density func-
tional theory, circuit simulations, and integerprogramming.On heterogeneous
computerarchitectures,softwaresuch asDRUM dynamically detectsthe avail-
able computing, memory and network resources,and provides the resource
information to both existing partitioning algorithms and newhierarchical par-
titioning strategies.Software toolkits such asZoltan deliver thesecapabilities
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to applications,enablecomparisonsof methods within applications,and serve
as test-bedsfor further research and development.

While we present somesolutions to these issues,our work represents only a
small sampleof continuing research into load balancing. For adaptive ¯nite
element methods,data movement from an old decomposition to a newonecan
consumeordersof magnitudemoretime than the actual computation of a new
decomposition; highly incremental partitioning strategiesthat minimize data
movement are important for high performanceof adaptive simulations [67,68].
In overlapping Schwartz preconditioning, the work to be balanceddependson
data in both the processor'ssubdomainand the overlapregion,while the sizeof
the overlap regiondependson the subdomain generatedby the partitioner. In
such cases,standardpartitioning modelsthat assumework per processoris the
total weight of objectsassignedto the processorareinsu±cient; strategiesthat
treat workloads as a function of the subdomain are needed[69]. Very large-
scalesemantic networks placeadditional demandson partitioners, dueto both
their high connectivity and irregular structure; highly e®ective partitioning
techniques for these networks are in their infancy [70]. These examplesof
research in partitioning, while still not exhaustive, demonstratethat, indeed,
the load-balancingproblem is not yet solved.
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